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THEORY OF FLOATING TUBES 
By Frank GILMAN 


ARTICLE 1. It is proposed to treat of the theory of floating tubes or 
rods as applied to the measurement of the velocity of water in open channels ; 
but, before doing so, we shall give a brief historical sketch of the use of this 
method in water measurements. 

The first public mention of the method, so far as known, was made by 
T. A. Mann, a member of the Imperial and Royal Academy of Sciences at 
Brussels. He communicated a paper to the President of the Royal Society of 
London, Joseph Banks, who read it before the Society on June 24,1779. The 
subject of the paper was “The Hydraulics of Rivers and Canals,” and in it a 
method is described for measuring the velocity of water in canals by means of 
wooden rods, or poles, of a length somewhat less than the depth of the water, 
while at the lower end are suspended as many small weights as may be neces- 
sary to keep the rod in a vertical position. He advises that a small straight 
wire be fastened to the center of that end of the rod which projects from the 
water so that it may indicate the deviations of the rod from a vertical position, 
and enable inferences to be made in regard to the relative velocities of the 
water at different depths. 

Mr. Mann speaks of this method as the best and simplest of which he 
knows for measuring the velocity of the water in canals and rivers. He refers 
to it as if it were a well known method, but gives no example of its applica- 
tion. Itis probable, however, that he had used it, for he says that he had 
long lived in a country that abounded in canals, and had been much employed 
in matters relating to hydraulics. 

The results of the application of this method were first published by C. 
R. T. Krayenhoff in Amsterdam, Holland, in 1813. His work gives an ac- 
count of his observations on the hydrography and topography of Holland, 
The floats that he used were wooden poles loaded with lead at the bottom, and 
carrying copper floats at the surface. The next application of the method was 
made by M. de Buffon, who in 1821 gauged the Tiber by the use of bundles 
of rods loaded at the lower ends and extending from the surface nearly to the 
bottom. 

In 1835 Destrem gauged the Neva by the same method. 


b(1) 
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In measuring the discharge of small canals Hirn used light covered frames, 
so arranged as to be at right angles to the current, and of such extent that they 
nearly filled the whole cross-section of the stream, and consequently gave, at 
one reading, the approximate mean velocity at that section. 

In 1852 James B. Francis, of Lowell, Mass., made most elaborate experi- 
ments on measuring the discharge of canals by the use of loaded tubes. These 
experiments were supplemented by others made in 1856, and a full account of 
all of them can be found in “The Lowell Hydraulic Experiments,” a second 
edition of which was published by Van Nostrand in 1868. Mr. Francis compared 
the discharge given by the use of tubes with the same quantity passing over 
a weir and determined by weir measurements, and found that the difference 
was gencrally less than two per cent. 

The tubes used were hollow tin cylinders, two inches in diameter, soldered 
together, with a solid cylindrical piece of lead, of the same diameter, at the 
lower end. The tubes ranged in length from 6 to 10 feet, and the centers of 
gravity of the longer tubes were about 1.9 feet from the lower ends. Two 
beams were laid across the canal, at right angles to the current and 70 feet 
apart. These constituted the upper and lower transit stations. The time oc- 
cupied by the tube in passing from one station to the other, was determined 
by means of a stop watch, or chronometer; and from this and the known dis- 
tance the velocity of the tube was calculated. The up-stream side of each 
beam was figured from one end to the other, so that the distance from the left 
shore (looking down stream) at which the tube passed each beam could be 
noted. The results were plotted on cross-section paper, calling the mean dis- 
tance from the left shore the abscissa, and the velocity the ordinate. Between 
the points thus obtained a curve was drawn so that the sum of the vertical 
distances from the curve of the plotted points which are above, should be 
equal to the sum of the vertical distances of the points which are below the 
curve, or so that the sum of the positive errors should be equal to the sum of 
the negative errors. 

From the mean velocity curve, thus obtained, readings were taken at 
intervals corresponding to one foot each in the width of the stream. The sum 
of these readings multiplied by the mean depth gave the discharge. 

Very elaborate experiments in measuring the discharge of streams by the 
use of rods were made by Capt. Allan Cunningham near Roorkee, India, on 
the Ganges Canal. These experiments were begun in 1874 and continued, 
with some intermissions, until 1879. Capt. Cunningham found that rods moved 
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more steadily than any other sort of float, that they gave the result more 
rapidly, were more easily handled and less delicate, being simple in construc- 
tion. He recommends that for measurements of mean velocity past a vertical, 
the rods should supersede all other instruments in cases favorable to their use. 
The conditions favorable to their use are that the cross-section and declivity 
of the stream should be uniform for a considerable distance, that the bottom 
should be free from obstructions, and that the depth should not exceed 15 feet. 

M. A. Graéff, in his ‘‘Traité d’hydraulique,” published in 1883, expresses 
a similar opinion in regard to the merits of the loaded tube, or rod. He states 
that Italian engineers had adopted the method of measuring the mean velocity 
by means of rods, and that he himself had used it in gauging the discharge of 
the Loire and its tributaries. 

The Mississippi River experiments of Messrs. Humphreys and Abbot re- 
main to be mentioned, which are the most important of all, as far as this 
paper is concerned, since by means of them the truth of our fundamental 
formula, v = a + bw + cx’, was first demonstrated, in which v denotes the ve- 
locity of the water. at the depth x, the total depth being unity, while a, 0, and ¢ 
are constants determined by experiment. The experiments were made at Car- 
rolton and Baton-Rouge, Louisiana, in 1851. The mean depth of the river was 
about 82 feet. This depth was divided into 10 equal parts, and at each pro- 
portional depth 222 observations of the velocity were made, and their mean 
taken as the true velocity. . 

The results are tabulated on page 244 of the ‘‘Report of the Mississippi 

River,” published at Washington in 1876. The mean results are given further 
on in this article, where it is seen that they satisfy the parabola equation with 
considerable exactness. Long tubes, of course, could not be used in measur- 
ing the velocity at different depths, nor in gauging the discharge for a river 
of such depth as the Mississippi. The apparatus used was a double float, con- 
sisting of a surface-float, a sub-float, and a connecting cord. The surface- 
float was of cork, 5 inches long, 1 inch thick, and submerged to a depth of 14 
inches. Its weight, therefore, was not more than one-fourth of*a pound. 
@, was inserted in this 
float. The sub-float was a keg, open at both ends, beveled at the lower edge, 
and weighted with strips of lead to keep it in a vertical position. The weight 
of the keg, with the ballast, was about 9 pounds. Its diameter was 10 inches 
and its height 15 inches, thickness of staves three-eighths of an inch. The 
connecting cord was of hemp and one-tenth of an inch in diameter. 


A wire one foot in length, and carrying a small fla 
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Its weight when stretched to its full length of 90 feet, was one-half a 
pound. These experiments have been severely criticized, on the ground that 
the sub-velocity measurements, especially those at great depths, did not truly 
represent the velocities at these points, on account of the disturbing influences 
due to the surface float and connecting cord. But these criticisms do not seem 
to be well founded, as a little calculation will show that the vis viva of the 
surface-float and cord due to the difference between the velocity of the water 
at the bottom, and the mean velocity of the water surrounding the cord, 
would be less than one-tenth of one per cent. of the total vis viva of the keg. 
Another result of the Mississippi River experiments was the conclusion that 
there is a nearly constant ratio between the mid-depth velocity and the mean 
velocity past a vertical line from the surface to the bottom. This follows 
however, from the form of the equation which gives the relation between the 
velocities at different depths, viz.,v=a-+ bx + cx*. Calling v,, the mean 
velocity past a vertical line, and v, the mid-depth velocity, we evidently have 


ee 
Um Patios. 
2 4 


substituting the values of a, b, and cas deduced from the Mississippi River 
experiments, viz: 


a=t+ 3.1952, 6= + 0.4424, c= — Osi bez. 


we find v,,/v; = 0.980. 

If this ratio, 0.98, be applied to Capt. Cunningham’s first 46 series of 
experiments, and each of the mid-depth velocities be multiplied by 0.98, the 
results will differ from the v,, of his experiments by less than one per cent in 
the majority of cases. The following table gives a synopsis of the results of 
the Mississippi River experiments : 
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Relative Depth Observed velocity Velocity by formula 
in feet per sec. 
x v y=at bu + ca’. 
0 3.1950 o.L9D2 
a Bo2299 j22a18 
y 3.2002 3.2531 
3 3.2611 3.2991 
4 3.2516 3.2497 
a 3.2282 a 2204 
6 3.1807 3.1852 
ae 3.1266 3.1299 
8 3.0594 3.0594 
a 2.9799 2.9735 


ArrIcLe 2. In discussing the theory of floating tubes different results 
will be obtained according to the law assumed to hold true for the resistance 
of fluids. Some engineers assume that the resistance of fluids varies as the 
first power of the velocity, and consequently they take it for granted that the 
velocity of a floating tube is the same as the mean velocity of the water in the 
same vertical line of the same length as the tube. It would follow from 
this that the proper length of a tube, theoretically, for measuring the velocity 
of a current, is the same as the depth. But since in practice the length of the 
tube must be less than the depth, it is inferred that the velocity of the tube is 
always greater than the mean velocity of the current, in consequence of the 
slower motion of the water along the bottom, and tables of corrections are 
prepared to be applied to the observed velocity of the tube, which corrections 
are always negative. It is easily shown by analysis that this assumption and 
practice would be correct if the impulse and resistance of fluids varied directly 
as the velocity. But according tothe law accepted by the great majority of 
experimenters, the impulse and resistance vary as the square of the velocity ; 
and not only has this been demonstrated by experiment, but it has been shown 
to be true from theoretical considerations. * 








*For a theoretical proof, see Weisbach’s Mechanics, Vol. 1, Article 498. 
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We will now investigate the conditions for determining the velocity of a 
tube when immersed vertically in a stream of water, on the hypothesis that 
the resistance generated by the motion of a solid body in a still fluid is pro- 
portional to the square of the velocity, and that when the fluid itself has 
motion the resistance is proportional to the square of the relative velocity 
of the solid and fluid. 

In the case of a vertical tube borne along by the current some parts of 
the tube will move faster than the adjacent fluid, and some slower. The parts 
that move faster will meet a force of resistance, and those that move slower a 
force of acceleration, each of which will be proportional to the square of the 
relative velocity of that portion of the tube and adjacent fluid. 

We shall discuss in this article the case in which the velocity of the tube 
is less than the velocity of the water at the surface, as represented in figures 
1 and 2, in which LP denotes the tube, AB the surface of the water, AOT 
the parabolic curve of velocity, HF’ the velocity v, corresponding to the 
depth BF as a, the relation of v and x being expressed by the formula, 
v=at bat cx’. 











L 
A-—wW B 
C D 
E Fr 
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Fig. 1. Fig. 2. 


Figure 1 represents the case in which the axis of the parabola, CD, 
(which is the maximum velocity line) is below the surface of the water, while 
figure 2 represents the case when this axis is above the surface. 

In the former case b/c is negative, in the latter positive. When the tube 
has attained a state of uniform motion, the sum of the forces of resistance 
will be equal and opposite to the sum of the forces of acceleration, a condition 
expressed by the following equation: 
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*h ot) 
vy —v')*de =] (v' —w)*dza, 
0 I ( 


in which A denotes the distance from the surface to the point where the veloc- 
ity of the water is equal to the velocity of the tube, and is represented in 
the figures by BH; v' denotes the velocity of the tube, and is equal to 
a+ bh + ch?, while J is the length of the submerged portion of the tube, 
taken on the same scale as x, the total depth being unity. 

Substituting the values of v and v’, as above given, performing the indi- 
cated operations, and arranging the results with reference to the powers of h, 
we have 


Nee aah Sal 
Thanh pee \ FA SD 3 2 gee 2 
vs 2 —1)h +a 2 AD and Cae al)h 


+(GP tgs P)Aa=gahtyees. 


Let A = rl, and anc tantes this value of / in the above equation, then, dividing 
through by /°, and representing 6/cl by s, we obtain the following for the final 


equation : 
16s 2 34 2 
15 r + (38-1) +( — 2s) +(s — s?4 - 3)" 
(2) nen ao - 
)r ae as a 
It is easily shown, by Sturm’s Theorem, that this equation will give only one 


real value for r corresponding to any real value of s; for instance let s = — 1, 
then the equation becomes 


foe he Oye ar LO 20F - U.01 207 —-0.09125 = 0. 





(1) 


Call this equation X, and its first derived polynomial X,. Then finding the 
greatest common divisor of X and Xj, denoting the successive remainders, 
with their signs changed, by f, A, A, etc., and writing the results in two 
rows, we have 

x xX R vin Ry, 

7 re ea OD LO: 


Each term in the second row denotes the first term of the equation designated 
by the symbol immediately above. 
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Substituting successively — « and + © for r in the equations X, 44, f, 
R,, and Re, we have the following signs : 


forr=—© ee Eee three variations ; 
forr=+o oe a ae pasts two variations ; 
the equation has therefore one real root. 
Next substitute + 1 for s in equation (2), and by a similar process we 
obtain the following results : 
XOL IX, Pel elt eel ee 
Pa ye OS 
for r= — © ae ee oe ae three variations ; 
forr=+0 a eh ee ae S two variations. 
Again the equation has one real root. 
The following tables give the values of r corresponding to different values 
of s, negative values of s being given by the first table, and positive values 
by the second. 


























TABLE 1 TABLE 2 

s negative 8 positive 

S F 8 r S 7 s r 

a ah =i: a 

0 0.6105 0 

1 .6200 1 0.6023 gl Oe vi Zed 0253597 

2 .6306 2 5952 12, 5502 2.2 5385 

eS 6431 3 5890 1.3 5529 2.3 5374 

A OD (i 4 5834 1.4 5508 2.4 5363 

i} 6744 5 5785 Wee 5489 DED 5353 

.6 6936 6 .OTAL 1.6 5471 26 0343 

aut 7150 a 5701 aly 5454 Cae 5334 

8 .7364 8 5665 1.8 5438 ante, 5326 

9 o2o ) .5633 leo 5424 a) .5318 
120 .5000 1.0 5604 2.0 .5410 3.0 5310 
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The following example will illustrate the application of these tables: 
Let the relative length, /, of a tube be 0.925; it is required to find its veloc- 
ity when the values of a, 6, and c are the same as those found in the Missis- 
sippi River experiments, viz: 
a = + 3.1950, b= + 0.4424, c= — 0.7652. 
We have 
b 0.4424 


clam © 05765950 0,995 man Uae 


With the argument s = — 0.625, we find from table 1, by interpolation, r = 
0.6989, whence 
fri =..6989 50 0.925 — 0.64653 


and the velocity of the tube, 
v’=at bh+ ch? = 3.161. 


Assuning that the impulse and resistance of fluids varies as the first 
power of the velocity, the problem would be solved as follows: Since in this 
case the velocity of the tube would be the same as the mean velocity of the 
current taken in a vertical line from the surface to the depth 0.925, we should 
have the following expression for the velocity of the tube: 


1 0.925 
f= ~_ b wc”) da = 3.181. 
v os | (a + bx + cu*) dx 8 


ARTICLE 3. Equations-1 and 2 and the preceding tables apply when the 
L 
A 





Fig. 3. 


surface velocity of the water is greater than the tube velocity ; but when the 
surface velocity is less than the tube velocity, a different equation is required 
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to express the conditions of equilibrium. Figure 3 gives a graphical repre- 
sentation of this case, in which the velocities are represented, as before, by 
horizontal lines drawn from BH to the parabolic curve. The surface velocity 
is also represented by AB, and the tube velocity by each of the lines 7H and 
I'fl'. EF denotes the velocity, v, of the water at any depth BF =x. As 
the axis of the tube, LP, intersects the velocity curve in the two points and 
I’, it is evident that the velocity of the water at each of these points is the 
same as the velocity of the tube. Putting W7=h and VJ'=h,, we have the 
following two expressions for the velocity of the tube: 


v=a+ bhi4t ch? =a + dh, + che. 


Since from WV to J’ and from Ito P the velocity of the water is less than the 
velocity of the tube, while from J' to J the velocity of the water is greater 
than the tube velocity, we have, according to the principles explained in 
Article 3, the following equation of condition : 


hy l h 
[ (v' — v)*dx +f (v' — v)*dx -| (v —v')*dax ; 
0 h hy 


substituting for v and v’ their values, integrating and arranging the results 


with re faerie to the powers of 4, and remembering that h + h, = —b/c,* we have 
9 2 $ pe 
ieee pee eee “ 1+ oP + aP)ie 
c c 3 
(3) 


ob RB Zh PB 
2 ee =k) RE Sia a 
Hee a ee {Pht as mi © eG 


Writing s for }/cl, and r for h/l, and dividing through by 05, we obtain 
32 32 16 8 2 
Se ae tot ho, 4 PB ih 3 be teat | oN 
er +(= L)rt+ (Ss 2s)rs4(5 s S4+s+5)r 
(4) 2 2 5 r 1 
Geers oe Sa. 
Ne 3 ity eee eS 





* In order to prove this, we find, by differentiating the equation » = a + bx + cz’, that the 
depth of maximum velocity is 7) = — > = BD in figure 8, or 2 BD = — : = BH + BH' 
=A oe hy. 
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This equation will give only one real value of 7 corresponding to any real 


value of s; proceeding as before we find by Sturm’s Theorem when s = — 0.75, 
Oe DG AER Ae TERS Tag 
yo rt 8 —7*?) x 11.36 
forr=—o get SE a ett three variations ; 


forr=+0 


+ + + 


The equation has one real root. 


+ + 


two variations. 





-76 






































TABLE 3 s negative 
be —s| r Siar —$ r |—s r 
0.7149 |0.80)0.7372 |0.90/0.7645 |1.00/0.8053 |1.10/0.8644 
tile Sita tovoe Bob .1679 1501). 8104 (1 Tie 8713 
LOS S27 419 NeG2) ett l4 WL. O27 68157 11.12) 68783 
-7215 | .83| .7444 | .93) .7750 |1.03| .8212 |1.13] .8854 
1237 | .84| .7470 | .94) .7787 |1.04) .8268 |1.14) .8925 
OUI OllniaAet Ved 11820 11.09) 8526 (1.15) 8997 
Pr 2Olei a ool gco2t 1.90 .c60d)\b.O6) .8385 11.16) .9070 
.7303 | .87| .7552 | .97| .7910 |1.07| .8446 |1.17| .9144 
BOLO OO lt0O20) 00). 000 911.08), .69:100 1.18} 9219 
Pi OAUE OOo. (OLowie. 99) .8005 41.0917 8576 11519). .9295 


\ 
if 
I 
1.23 
1 
1 
1 


Le27 
1.28 
29 





The following table gives the values of r corresponding to different values 
of s: 


‘ 
0.9372 
.9449 
9526 
.9603 
.9681 
9759 
.9837 
S99 LD 
wove 
1.0071 








The velocity of a tube of given length, when — b/c is greater than 2/3, 


can be found by the use of table 3, in the same manner as already shown in 
connection with tables 1 and 2. 
The problem of finding the velocity of a tube of given 
length is of less practical importance than that of finding the length of tube 
whose velocity shall be the same as the true mean velocity of the current in 
the same vertical line, and taken from the surface to the bottom of the stream. 


ARTICLE 4. 


(5) 
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We will call this the equivalent length, and designate it by Z. Resuming 
equation (1), and arranging the terms with reference to the powers of 7, and 
writing Z for /, we have 

iE Me 


2 ¢ b BY 2 B 
Kite 2c a 


b2 e e? 16 
ri EN ea an ee ee ee ene 
I+(55 5a)E a eae oe seat’ 3 Oe 


in which e/c = (b/c) h + 22. In order to show that this equation has but 
one real root, substitute in it — 1/2 for b/c, and we have 


BODE  Sieiate eee, Fee. 
ED TA L-L?-L +0.06 
for L=—o2 a ep Se eee three variations ; 


for L=+ 0 + + 4+ — — + two variations. 


The equation has one real root. In order that Z in this equation may 
represent the equivalent length, 2 must be determined by the condition that 
the velocity of the water at the depth / shall be the same as the mean velocity 
of the current, taken in the same vertical line as the axis of the tube, and 
from the surface to the bottom of the stream. But this mean velocity is given 
by the following expression : 


‘yde = [ (a + bu + ca2)d Swat 
[irae =[ a+ “+ cm )du=atot zs. 
Therefore the condition for determining h is 


b c 
Fee Ree ed g 
a+ bh + ch ea) 


b Benoni 
or h=—5,t / (5 ee ee 
2¢ 2¢ Enya a 


Using this value of & in equation (5) we obtain the following values of the 
roots, or equivalent lengths, corresponding to different values of b/c, and 
corresponding to the case discussed in Article 3. 
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TABLE 4 
eal ees 2 L g L d L 
C C C 
= a te = 
0 0.946 1.0 0.967 2.0 0.976 
1 .942 Oe a 0.949 Lee 0.968 Zk UW id: 
2 sgou Z 951 1.2 969 2.2 97 
3 .935 3 954 Lo ee D) 2.3 Sais) 
4 .930 A .956 1.4 971 2.4 silo: 
5) O29 oD Eg DS ie) sOl2 2.5 SUR 
6 925 6 .960 1.6 Si: 2.6 cdg 
ay 962 Mel! 974 rat .980 
8 964 1.8 975 2.8 .980 
ou .966 UNAS) .976 2:9 at Fost | 




















ARTICLE 5. We will next determine Z when the velocity of the tube is 
greater than the surface velocity, which is the case discussed in article 3. The 
condition in this case, expressed analytically, is as follows: 


CTI RUIE ACh 0. or IER i 
and from the formula for’ as given in article 4, we find that when b/c= — 2/3, 
h = 2/3, and that when b/c is negative and numerically greater than 2/3, 
—b/c>h. Therefore it is dent that for such values of b/c equation (3) 
must be used to determine L. 
Arranging this equation with reference to the powers of /, and writing L 
for 1, we have 


TP 2 b 


eyes 9) 4) (0-0 


in which e/c = bh/c + fh’, and hy = — b/e—h. 
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For any value of Z given by equation (6), and corresponding to a given 
value of b/c and the following values of 2 and h,, viz: 


there will also be a value of Z given by equation (5), in which h, is to be used 
instead of h. It is seen by inspection that the coefficients of the correspond- 
ing powers of Z in equations (5) and (6) are identical, for a given value of b/c. 

Moreover these coefficients will be the same whether % or h, be used ; for 


we have 4+ h, = —b/c, and multiplying both members by h — hy, and 
transposing, we find 


Or a ease 
Cc Cc Cc 


It follows that for the same values of b/c, equations (5) and (6) will differ 
only in their absolute terms. When 6/c = — 2/3, one value of Z is zero; 
that is a surface float will give the true mean velocity. 


Applying Sturm’s Theorem to equation (6), after substituting — 0.8 for 
b/c, we have 
POUR G, Ain tity Jive Jip 
DPA TA A Teen 45 
for L =— dee ee St SE Be three variations ; 


for L=+0 a eee a RE ak two variations. 


The equation has one real root. 

The following table gives the two values of Z corresponding to the same 
value of b/c, the numbers in the second column being roots of equation (5), 
and those in the last column roots of equation (6) : 
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TABLE 5 
—6 
= L (5) L (6) 
Casi 0.050 0.929 
zo 196 941 
sy) 393 SohM| 
baw .600 929 
1.01 .633 .918 
1.02 .676 .900 
1.03 .804 804 


ARTICLE 6. The method of determining the values of the constants, q, 
6, and c, in the formula v = a + bx + cx’, will be briefly described. In the 
second column of the table at the end of article 1, are given the values of 
observed velocities at proportional depths, and from these data the equations 
of condition are written as follows: 


a = 
Cae OL pee) OL Ce ae 2299 
a-+ 20 + O4¢ = 3.2532 
Panes hee 000 ar 3 2611 
iy Te aay OS Mae. a SS 
a+ 00 + 206 3.2282 
Gut OU ea 300) = 10.1507 
a+ 16 + NV Bas 3 SWAT 
a+ .86 + .64¢ = 3.0594 
a + ily as Sle = 2.9759 


The normal equations, formed from the above equations of condition, are 


as follows: 
1 Ogaees ACD O ae 2.85¢ = 31.7616 


45a + 2.856 + 2.025c 14.0896 
2.85@ + 2.0250 + 1.53382c = 8.8288 


| 
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The solution of these equations gives 
@=+ 3.1952, b=+0.4424, ¢=— 0.7652. 


ArricLe 7. It was stated in the first part of article 2 that the hypoth- 
esis of an impulse and resistance of fluids proportional to the first power of 
the velocity necessarily involves the assumption that the equivalent length of 
a tube is always equal to the total depth of the stream at the point of im- 
mersion. 

As this case is very simple, we will give the analytical proof. The equa- 
tion expressing the conditions of the equilibrium of the forces acting on the 


tube is 
h l 
| (v — v') dx =| (v' — v)da. 
0 h 


Substituting the values of v and v’, integrating and reducing, we have 
ene b 


ae is Gf ae KS 
oe l=h wiyanle 


In order that J, in this equation, may represent the equivalent length, we 
must have 


b BN ee bel 
2¢ Je) eauede aS 


Substituting this value of in the above equation, and writing Z for 1, we 
have 





2c 20d 
whence 1 = 1. In the same manner it may be shown that the value of L 
derived from the equation, 


hy l h 
i (v' — v)dx + i (v’ — v)dx = i (v — v')dx 
0 h hy 


is always equal to unity. 
The value of the second root in this case is 1 = -( 4 : 2 , and this is 


always positive and real and ranges from 0 to 4. 
When d/c = — 2/3, its value is 0, which is the same value that obtains on 
the hypothesis of a resistance proportional to the square of the velocity. 
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ARTICLE 8. We have hitherto assumed that the tube in -floating main- 
tains a vertical position, and it is now necessary to prove that this is true 
within practical limits. For this purpose, we will develop a formula for finding 
the inclination of the tube. We shall consider only the case discussed in 
article 3, in which from the surface to the depth A the velocity of the water 
is greater than the velocity of the tube, while for depths exceeding A the ve- 
locity of the water is less than the tubular velocity. 

Since in this case the moments of the forces acting on the tube all tend to 
produce rotation in the same direction, it will be the case in which the inclin- 
ation of the tube is greatest. The case is represented in figure 1, the tube 
being denoted by LP; LN is the portion of the tube that projeets out of the 
water, OP the weighted portion of the tube, and # its center of gravity ; 
VP, the immersed portion of the tube, is the part that we have designated 
by J, or L; Nish. 

It is evident that from NV to J the forces acting on the tube, at right 
angles to its axis, all act in the same direction. Call the sum of the moments 
of these forces taken with reference to J, M/,, and the sum of the moments of 
the forces acting in the opposite direction, from J to P, M,. The sum of 
these two moments must be equal to the moment of stability of the tube, or 
M,+ M,= WC sin f, in which W is the weight of the tube, and is equal 
and opposite to the upward thrust of the displaced water, C’sin f is the arm 
of the couple of these two forces, and / is the angle of deviation of the tube 
from the vertical. Whence 


: VM, + MM, 
sin f = 


Prof. Rankine in his “Applied Mechanics,” article 652, gives the follow - 
ing formula for the pressure of a current upon a solid body floating or im- 
mersed in it: 


(Pais Ze 
29 


in which # is the pressure in pounds, & a quantity depending on the figure 
of the body (equal for a cylinder moving sideways to about 0.77), D the 
weight of an unit of volume of the fluid (62.3 Ibs. for water), v the velocity 
of the current in feet per second, g the acceleration of gravity, and A the 
greatest cross-section of the immersed portion of the body, taken at right 
angles to the direction of motion. 
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Substituting these values, the formula becomes 


0.77 X 62.3 


2— (0.74 Ae 
54.4 Ay 0.745 Av 


R= 


In-order to apply this to the present case, we write (v — v’)? in place of v?; 
calling r the radius of the tube, we have A = [2rvde, in which 7” is the total 


depth in feet. 
We may now write the following expression for the sum of the forces 
acting on the tube from WV to J: 


h 
Pie 0.745 [ (v —v')? 2rr'dx 
0 
The sum of the moments of these forces, taken with reference to J, is 
h 
M, = 0.745 x arr | (v — v')?(h — x) dx. 
0 


We have also the following expression for the sum of the moments of the 
forces acting on JP, and taken with reference to the same center of moments, J: 


1 
M,= 0.749 arf (v' — v)?(@ — h)dx. 
h 


Performing the indicated operations, and adding the expressions for M, and 
M,, we have 


4 
M, + + My = 1.49 ere | ae ace eC) 


: 2b 
_ ae) 3 4 eA 
(G é a) B -- at 5)! 


eit Pe 5 |: 








Calling the quantity within the brackets B, we may write 


M, + M, = 1.49rr?e2B. 
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| If 7 is the equivalent length, B will be a function of b/c, and the follow- 
ing table gives some of its numerical values: 


TABLE 6 
— b/e B 
0 0.02328 
“A .01836 
2 .01410 
oD .01046 
v4: .00736 
a) 00498 
6 .00318 
3 .00231 


Since the weight, W, of the tube is the same as the weight of the dis- 
placed water, W = 62.3a7°r'l. 

The arm C sin f, of the couple, which forms the moment of stability, is 
the horizontal distance between two vertical lines, one of which is the line 
drawn through the center of gravity, &, of the tube, and the other the line 
drawn through the center of gravity of the displaced fluid. Hence 
C= (1/2 — RP)r', and putting LP = 1/m, we have C = (m — 2)lr'/2m. 
Substituting these values of M,; + Mh, W, and C’ in the formula 
sin f=(M, + M,)/ WC, we obtain 

: 2.98m?B 0.01523mePB 
Sit? fae ——n a 
62.3rrl?(m — 2) r?(m — 2) 





Assuming m= 5 and r = 1/12, which were the proportions adopted in 
the Lowell Hydraulic Experiments, we have 


. . 0.3045 Be? 
sin f a Sg ere: 


By means of this formula was computed the value of f given in the table 
below. It is seen that the deviation from the vertical is very small, 
and that the tube may be regarded as practically in a vertical position. 

The following table gives the results of the application of the preceding 
principles in determining v, Z, and f- The data for the construction of the 
table were taken from ‘‘The Roorkee Hydraulic Experiments” of Capt. Allan 
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Cunningham, a reference to which was made in article 1. In the work de- 
scribing these experiments Capt. Cunningham has given an able investigation 
of the theory of rod-motion, found on pages 240-246. The first column of 
the following table gives the number of the series of experiments, each being 
the mean of several trials. The second, third, and fourth columns, give the 
values of a, b,and ¢, respectively, as determined by the method of least 
squares. 

The sixth and seventh columns give the values of the equivalent 
length Z, which sometimes has one and sometimes two values, corresponding 
to the same value of b/c. The eighth column gives the value of f to the 
nearest minute, which is the deviation of the tube from the perpendicular. 


ROORKEE HYDRAULIC EXPERIMENTS. 


















































TABLE 7, 
No No. 
etl! Ge liebe been bye L Poll tS tg A c | b/c L vi 
Series Series 
al oe he 
1 | 4.25 | 0.07 | 0.88} 0.08 | 0.943 18’ || 21 | 4.44] 0.031 0.57 | 0.05 | 0.944 9’ 
2/433! :33/115| .29| .934 17 || 22 13151) .7111.23| 58| .926 7 
3 13.84|. _36/1.25| _29| (935 20 || 93 |4.29| “10] .83| ‘12] 942 14 
4 13.48| 49/1271 |39| (930 15 |) 24 13.41] .26| .89| “29| 1935 10 
5 |4.61| .72|1.11} .65| 925}. 0 | 4-|] 25 '3.89| 34| (66! 35| 939 10 
6 |4.27| .65| .99] .66] .925| 0 | 3 || 96 |294| 1671139] 48] (927 13 
7|4.07| .52| .99| |53| ‘996 5 || 27 13.34] 30] .85| '35| .932 8 
- es 
8 |4.06| .38} .89| .43] .929 6 || 28 |2.84| .03| .60! .05| .947 
+ ere uiv. i i 
914.31! .49| .92! 53! .926 Bh Oo 0! 2 SONT TOM OL asl Wade oe ae 
10 |4.50| |16] .55| 29] ‘935 4 || 30 |2.46/1.49|1.50] 99] .93110.579 
11 |4.05| 151] .97| 153] 926 5 || 31 |2.74/1.0911.12] (97) [936] 538 
12 |3.81| .47/1.20] '39| ‘930 13 || 32 |3.07|1.43/1.57| 91] ‘949| (413 
13 14.06] .55/1.04| .53| (926 6 || 33 |3.15/1.34/1.32]1.02] 900] ‘676 
14 |3.89| .84]1.26] .67| .995| 0 | 4 |] 34 |3.55/1.64/2%09| 78! ‘939| ‘167 
15 |4.10| 1471 .92| 1511 ‘996 5 | 35 |4.18| .73|1.36| 54] (996 10 
16:|3.99| .47|1.07| 144] ‘929 9 | 36 |4.16| .61|1.28| 48] ‘998 11 
17 13.76| .56|1.12| (50| (997 s || 37 |4.12| 26] 93] 98] ‘936 12 
18 |6.43| .43| .72| (60| ‘926 2 || 38 |13.63/1.24/1.58| .78| 939| °167 
19 |6.05 33 1113.00] .981 39 13.91]°.65) 1.14157) 9261 | 6 
20 |5.65| .16| .85| .20| .939 12 || 40 |3.15]1.35]1.72| .78| .939| .167 














Boston, Mass., 
Jury, 1909. 


GENERALIZED GEOMETRIC MEANS AND ALGEBRAIC 
EQUATIONS 


By Orro DUNKEL 


Ir has long been known that the arithmetic mean of n positive quantities 
is greater than or equal to their geometric mefin and several proofs of this’ 
theorem have been given, one of which is due to Cauchy.* It has also been 
shown by Hamy that, if all the geometric means taking p of the n quantities 
at a time be added and divided by the number of means thus obtained, the 
result will be greater than or equal to the corresponding result taking p+ 1 
at a time; ft thus showing that there is a descending series of mean values 
beginning with the arithmetic and ending with the geometric mean. 

The object of this paper is to show that a theorem in regard to the roots 
of an algebraic equation t Icads almost immediately to the above theorem in 
regard to the relative magnitudes of the arithmetic and geometric means and 
at the same time establishes that there is another descending series of means 
intermediate in magnitude between these two and of a form different from 
those of Hamy. 

The inequalities thus obtained may be used to derive sufficient conditions 
for imaginary roots of an algebraic equation, and a fairly simple set of such 
conditions will be worked out. 

It will also be shown that all of these means can be represented as special 
values of a function of the m quantities and a continuous variable x, so that 
this function of « will be a continuous mean. A theorem in regard to this 
function will be used to derive the inequalities of Hamy and also a few other 
inequalities existing between the different kinds of means. 

A Descending Series of Generalized Geometric Means. We 
shall prove the following theorem : 








* Cauchy, Analyse algébrique (1821), p. 457. 
+ M. Hamy, Bull. des sciences math., ser. 2, vol. 14, part 1 (1890), p. 108. If we repre- 
sent the number of combinations of n things taking p at a time by the symbol ,C,, then the 


inequality above is: 
i 1 


SOumMe.ms3... Mp)” SCM M2 M3...» Mp + 1)? + 1 
np 








nCp +1 


A proof of this is given on page 30 inequality (24) of this article. 
¢{ Dunkel, ANNALS OF MATHEMATICS, ser. 2, vol. 10 (1908), p. 48. 


(21) 
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If m, Mz, M3, +++ my, are real and positive numbers, then: 


1 


(1) pile 2 ame Geom) Z- +» Z(mymM, - --- m,)*, 
where Dm, mz, mM; - ++ m; means the sum ofall the products of the m’s taking i of 
n! : 
il(n —t)V? 
holding for any two means not zero only when my, = mg = M3 = +++ My. 
The n positive numbers 7, m2, mg, -- + m, are the roots of an algebraic 
equation of the nth degree, which it will be convenient to write with bino- 
mial coefficients as follows : 


(2) w"— nayx"—1 +4 ,Cyagu"—2 — «-- 4 (— 1), Cra"? 4 ---4(— 1)"a, =0, 


them at a time, and of which there are ,C; = the equality sign 


where ,,Cja; = = mymqmg + +» + M,. 


Let us suppose at first that no m is zero; then no member of the series 
(1) will be zero and each a; in (2) will be positive and not zero. Since the 
roots of the equation (2) are all real, the relation 


(3) i PAT 6 U4. ~= 1, De a, °°) n—- Il, 


must be satisfied,* and this can be written as the continued inequality 








(4) ay a As iS Ages = a; es A414 se = sli oes Ay 


The relations in (4) furnish the following inequalities : 


Ce eee 
1 a; 








ay a; 
(5) 2 2, am 
SO 

Ag a; 








aj Qj 





* Dunkel, loc. cit. 


(6) 
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and, on taking the product of the left-hand sides and the right-hand sides, 
we have: 


1 1 


en ING ; i i : 
a, 2 (+), or ai 2 ais4, or Ce ae ees OS OL ince a, do yyy aed 
a 


Inserting the value of the a’s given in (2) we have the first part of 
theorem (1) for the case in which no m is zero. 

If some of the m’s are zero, say m,41 = Ms49 = +++ My, = 0, but no other 
m is zero; thenin (1) all the expressions after the sth are zero, and in (2) 
the last a@ not zero is a,, while in (4) the last ratio that we need consider is 


as 





The reasoning then follows just as before. 


As _1 


If all of the m’s are equal it is clear that the equality sign must be used 
in (1) throughout, and we have just seen that, if some of the m’s are zero, 
the equality sign must be used for all the relations in (1) after a certain one. 
We shall now show that if two of the expressions in (1) are equal and not 
zero, then all the m’s must be equal. To prove this it will suflice to show 
that, if not all the m’s are equal, aj > dg, since from this inequality it follows 
that in the first relation of (4) and of (5) the inequality sign alone must be 
used, if a; is not zero, and finally the same thing must be true of (6). 

That a? > a, can be seen to be true from the fact that, if all the roots of 
a polynomial are real and at least two are distinct, the same thing must be 
true of its first derivative; and repeating this reasoning on each derivative 
in turn we reach the conclusion that the (n — 2)nd derivative which in this 
case is x? — 2a, x + a, if we drop off a numerical factor, must have real and 
unequal roots, and therefore the inequality stated above must be true.* 





* This may also be shown directly as follows: 


1 2n i 2 1 4 
a —-a= 2 [ come — ym ms | = Z| Smt = eae ym me | = ripe m2)? 





n—1 


Therefore a? — az is greater than zero, if at least two m’s are not equal. 
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This completes the proof of theorem 1.* 


Application to Algebraic Equations. It has been shown in a 
previous paper f that, if any equation written in the form: 


(7) a+ naje"—!4+ ,Cpage"—274..-4,Caa"—'+...1+na,_,%+4+a,=—0 
has only real roots, then the following equation : 


(8) ht Ge! + Lio ee -- NOR a eats +. eee Hf (On eet a Je eae 
+ Om 4 ¢— 9% + Any pi = 0 


has also only real roots, and therefore ¢ real roots, if a», 4 0. 

Let us suppose that all of the roots of (7) are real and also that a,,_, 4 0, 
then, if we indicate the roots of (8) by a, aj, a3,---a,, the numbers 
a}, 4, a3, +++ a; are all positive, and we can apply to them any one of the ine- 
qualities (1), which we have just proven. This can be very readily 
done since it is a very simple matter to obtain the equation whose roots 
are the squares of the roots of equation (8) ;{ and the coefficients of this 





*In proving this theorem we made use of the fact that all of the m’s and consequently 
all of the a’s were positive; but (3) is true even if someof the m’s are negative. ‘Thus for 
any real quantities: 


=m, my... m7? Dn Me... M1 Dmime... M41 me 
with 0) 
mos ACH — ji ace +1 


This can also be shown without the use of theorems on the roots of algebraic equations 
by a direct but somewhat tedious reduction of the left-hand side of this inequality to: 








2 
(n = 1) i? ee > {om = ma*{ Serna +++ Mi —1)” +—, = (msm 22M, 2)*Chmy__1)?'+. 


zak “7 DCmems. 2. m)?Clm, £1 4g 2. . me _)*® +s | i 


i— 





This expression is always positive if the m’s are real. The equality in the preceding foot- 
note is the special case of this in which 7 = 1. 

+ Dunkel, loc. cit., p. 47. The above statement of the theorem is different from the 
original but is easily seen to be equivalent to it. From the proof given of the theorem 
it will be obvious that we might have used the reciprocal equation to (8), i. e., an equation 
with the coeflicients of (8) in reverse order; and this fact will be used in connection with Gihiye 

{ Cf. Burnside and Panton, Theory of Equations, vol. 1, p. 78. If we represent the left-hand 
side of (8) by f(x), then the equation whose roots are the squares of the roots of (8) may be 


written : 
IVa -f(— Y2)"= 0. 
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new equation furnish all the expressions such as 2aj a; a3 --- ajin terms of the 

s of equation (7). In this way we should obtain a number of necessary 
conditions for the reality of all the roots of (7). We shall work out one of 
the simplest of these sets of conditions, making use of 


2 2 ante ra 1 
(9) ay se a2 oz = iy = (aja3 Lape ai)i : 





which follows from (1). From the equation of the squared roots of (8), or 
otherwise, we have: 


t t(é¢—1 
al+al+-- tabs (2) — (= d Sn) 


Gm —1 Am —1 


eg Cede Ae Gee 
FE (“in Sere ag ae [Cy tes Js Ajaoaz ++: a; = — (“= atta)’, 
a t On —1 


m— 1 








and inserting these in (9) we have, after division by 





m—1 


: tae a 1 y—} ; 2 
(10) an — i Am —1%m +1 = t An —1%m +t—1 ’ Am —1 z 0. 





If we use instead of (8) the equation 


(11) Am 410" + (pt a) +0 tg 10 7 + oO ie thm 74.10 —* + ee ner 4); 


which must also have ¢-real roots, we shall find by the same reasoning : 





2 Pes | 1—} : 2 
(12) LL Sma Om —14m +1 = 5 anf 1tn—e41 | ; ne Te Ue 


These results may be stated as follows: Jf etther of the inequalities 


com fees Lipo 2 
(13) Am — Om —1%m +1 < t Cn 1 na | ’ Am —1 F 0, 


t 
eee 
Z| anism —e41| ’ Um +1 x 0, 





is satisfied for any values of m and t, then the equation (7) has imaginary 
roots. 
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This test may in special cases indicate the presence of imaginary roots 
when the test previously given*fails, that is, when a?,—a,,_1 AQn+1 = 0, and 
so may be regarded as a supplement to that test. 

A Continuous Mean. Regarding m, m,, mz,---m, as positive 
numbers no one of which is zero, 





1 
nj ge ( a nN 
; n 


(14) 


is a continuous function of the real variable x for all values of « except x = 0; 
and it will be seen later that y can be so defined for x = 0 as to be continuous 
without exception. f 

It is clear that for any value of x for which it is defined, y is intermediate 
in value between the largest and smallest of the m’s; also for x = 1 it is 
the arithmetic mean of the m’s; for x = — 1 it is the harmonic mean; and we 
shall now show that y increases with x except when all the m’s are equal; and 
that 


Lim y — m, where m, ts as smallas any other m, 
“L“=—O 
. 1 
(15) Fu y =(mymym;- - -m,)", 
Lim y = m,, where m, ts as large as any other m. 


2=+o 


The values of these limits can be found by putting them in the following 
form : 
Lim ¥ = Lim (el 7) ; 


so that it suffices to find the limit of log y in the several cases. Taking first 
the case of x = 0: 


Lim log y = Lim log (mj + mz+ +--+ +m) — log (mi + mo4...4 mM», ) 





z=0 oN) 
x 
Try - 1+ m+---+m),) |, =) =log(mmm, - - -,)™ 
7 1 
Therefore in if 
’ oy Y= (mymgms Ste. Mn) n 





* Dunkel, loc. cit., p. 48. 
¢ Only real and positive values of m; and of y are considered. 
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In order to find the limit for x = — 0, we have supposed that m, is as 
small as any other m; then: 


ie (=) ~ i i 
pes log y = log m, + Bees a 10D) ee a - ies 
= log m, where a 21, 


1 

since the limit on the right in the first line is zero. This completes the proof 
of the first two limits in (15) ; and the third limit is found by replacing x by 
—x and proceeding as before. 


It remains now to show that y increases with x; this will be done by 
showing that 


: e _ ¥ [=m lO 7 eel =rmi 
(16) Z| = Sink : log ( Fs )]- x # 0, 


is always positive. Let us suppose then that the value of & is fixed; to sim- 
plify the proof we shall write 








1 
Mme = 03, or m; = bis 


and then (18) becomes: 


# =O; 
(16’) 2 ee abe log b; — 2b; - log e(= ‘|. 


Since the part outside of the square brackets is always positive, it is 
only necessary to show that the expression within is positive. Remembering 
that 5), by, 63, --- 6, are fixed, we shall examine the following function of ¢, 
where ¢ is positive: 


(17) w= ih log b + Hoge — (S72 +) > + 


orate 





fora minimum. Its derivative with respect to ¢ is 


r r+1 
beet Tae ea sae Ve 
(18) a = log é — log De iv = log{) 1 


O 
MAI A ee ye aed 
joe a = 
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and therefore 


VIIA 


du ihad 1LY 
18! ae 2 2r = ae 
(18') di 0 according as t2 b Sto or ag te 


"Pee 
and this tells us that « has for ¢ = S.) its minimum value, which after reduc- 
1 
tion is 
r r 1 A 
(19) Uy, = b; log b; = b; log (; i) 


We have then, putting ¢ = 6,4, in (17): 


ss 
. if 
(20) U,p41,2=U, accordingas 6,4, ee > bj . 
H 
Giving r in turn the values 1, 2, 3, --- m, and noting that u,; = 0, we have: 
(20') Un = Uy) Sy See Ug Seal ee 


If there are two 0’s not equal, we may consider them as 0, and 6,; and 
from (20) we see that in this case uw, > w, = 0, and therefore w,, is greater than 
zero. Since wu, is the expression in the brackets of (16'), this completes the 
proof that, if not all the 0’s are equal, i. e., if not all the m’s are equal, ae) 
is always positive. This also furnishes the proof of (15). 

If then for « = 0 we assign to y the value of the geometric mean of all 
the m’s, it is easily seen that this completed definition makes y a continuous 
and increasing function for all values of x. 

The case in which some of the m’s are zero can now be easily treated ; 
for, if we suppose that there are n + & of the m’s of which the first n are each differ- 
ent from zero but m,41= M49= +++ =M,4, = 0, then (14) may be written : 


M+ mMy+tee et SET Ee 
@y yy =(iem a) 


and we may define y as zero when x = 0. 
The first factor in the first expression for y has already been shown to 
increase with x, and it is easily seen that the second factor also increases with 
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x and approaches unity as « becomes infinite through positive values, but ap- 
proaches zero as x approaches zero through positive values. Hence in this 
case 7 increases with «x for positive values of x and approaches the largest m 
as «increases indefinitely. 

From what preceeds it will be seen that if we define a function of x as 
follows : 


1 

(22) » (eee . 
Pp 

where none of the m’s are zero and p 4 », this function of x will be discon- 





’ 


1 
tinuous for x = 0 owing to the discontinuity of C)s at this point. 


Derivation of Inequalities between Several Forms of Means. 
In what follows we shall suppose that none of the m’s in the expression (14) 
for y are zero; and in this case, if « and y were plotted, we would obtain a 
continuous curve rising constantly from the least m at — to the greatest m 
at + o and passing through the harmonic mean at — 1, the geometric mean at 
0, and the arithmetic mean at + 1. Also y must take on each and every value 
between the least and greatest m once and only once. It follows then that each 
of the means which have been mentioned here, and indeed any mean whatsoever 
of these m numbers, must be represented by a single point on this curve. After 
proving the inequalities of Hamy, * we shall derive certain other inequalities 
which give some idea of the order in which the different means are located on 
the curve. 

In order to prove that : 





=m > (1m72,M,)* (mmm) * 1 
(23) ae emits) 2 Sul 2s)" = + + Z (mm m3 + + + M,)” 


n nC? oy nC3 
we shall apply (15) which tells us that 


17) 1 p+l 
par oes me)" 9 | Eien Sup Laas : 
Y Y 2 

oe ACs 





1 
but from (1) we have, after replacing m; by m,;»+1, 


1 1 1 1 
! 1 |p ’ Frag]. | erent 
pane: = + My)? + fe [Econ tae ian? 


Y 
n Ca n GC, +1 
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From these two inequalities we have 








; ple eae 
(24) =U (MyMyMs + + + My)? — | Emma ae rt - 
np z er 
1 


1 
S = (MyMgMz + + + My41)?* 


aCe in 
and this gives the relations in (23). 


1 
From (1) it follows on replacing m; by m,” that: 








j u 1 1p r 
(25) E + Mo? + Mg? +. +. + me | ~ (2mm; + + + m,)” 


y 
7 n C p 


Corresponding members of (1) and (23) may be compared as follows : 








- [ 1] 27 
(26) [Seman “Sas ae = L (mymgmz + - + My)?” | } 
aes _l| 


E 
_ =(mymyMms + + + My)? 
“eh 





the inequality in the above following from (15), since p 2 1. 

Thus each member of (1) is greater than or equal to the corresponding 
member of (23). 

It would be interesting to have other inequalities corresponding to (25) 
which would show in what intervals on the # axis each member of (1) and 
(23) would appear when plotted on the curve of (14). 

Approximations to the Roots of Algebraic Equations. [If it 
is known that all the roots of an algebraic equation are real, the properties of 
the function y in (14) may be used to obtain approximations to their absolute 
values. Let us suppose that the roots arranged in order of their numerical 
magnitude are 7m, m2, 73, +++ My, So that m, is as large in absolute value as 
any other root. If now x takes on only even integral values, the results in 
(15) will still be true with a slight modification, whether all of the roots are 
positive or not, and this modification consists in replacing the m’s by their ab- 
solute values in the values of the different limits; thus two of the limits in 
(15) would now read : 
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Ding = | 77; | ; lam, y =| m,,|. 
zr=— a r=+o 
If then to x is assigned the series of values 2, 4, 6, 8,---, there will 
result a set of increasing values : 
Peek — goes 
which will approach |m,| as a limit. On the other hand, corresponding to the 
values —2, —4, —6, —8, --- of «x, there is a descending series: 


eee ke a gee ge 


approaching |,| as a limit. 
Considering next the following function of x : 


@ rade 


we would obtain in the same way a set of increasing values corresponding to 
increasing values of x and approaching |m,_1||m,| asa limit. Taking the 
quotient of (14) by (27) we obtain a function of x: 





1 
[= (MyM,)” n | z 
x ’ 
=m no 


which will approach |m, _,| as a limit; and in general 





1 
(28) =(m mM, ... My)” p ih 


= (MM, .. + My_1)* Nn—ptl 


will approach |, _,+1| as a limit as x increases indefinitely. 

The numerical values of the expressions =(m, m, - -- m,)* in the succes- 
sive approximations (28) can be obtained most easily, if we consider only those 
values of « which are powers of 2, by forming the equation whose roots are 
the squares of the roots of the original equation ;* then the equation whose 
roots are the squares of the roots of the equation just found and so on: so 
that if the ¢th equation thus found is: 


a+ OOe—14 COam—274...4 09 124+ C9 =0, 


*Cf. footnote { page 24. 
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. t t . t 
then its roots are m”, m2, m? . - - and the numerical value of © (2 m9 m3: « - tn) 
is (— 1)? Of. Inserting these values in (28) we have: 

Oo 1 
(29) ot eee ee 
CO :n—-—ptl 
as an approximation to |m,_»41|. Forming all the expressions (29) 


corresponding to the given equation, all of its roots may in this way be ap- 
proximated simultaneously. * 





CoLuMBIA, Missouri, 
APRIL, 1909. 





*Cf. Netto, Algebra, vol. 1, p. 290-297. On page 292 the approximations to the three 
roots of a cubic are worked out. The expressions in Netto corresponding to (29) above do not 
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THE GEOMETRY OF CHAINS ON A COMPLEX LINE * 
By Joun WESLEY YOUNG 


Introduction. This paper forms an elementary chapter in the projec- 
tive geometry on a complex line, i. e., of a line whose points are isomorphic 
with the system of ordinary complex numbers and infinity. It furnishes a 
synthetic treatment of certain well-known topics in the theory of functions of 
a complex variable ; it has close contact with recent work on the foundations 
of projective geometry ; finally, it forms the basis for ‘certain generalizations, 
which offer a powerful synthetic approach to various analytic problems. To 
this last aspect of the paper I shall return in detail on a future occasion.t The 
first two aspects I discuss briefly in this introduction. 

But first, in view of the fact that the notion of a chain of points on a line 
does not appear to be generally familiar, it seems desirable to describe it 
briefly. This is most readily done in analytic language. Any point of a 
projective line may be conveniently represented by a single coordinate 2. 
If the points of a line are hereby brought into one-to-one correspondence 
with the ordinary real numbers and infinity, we are wont to speak of a real 
line; if on the other hand -the points of a line are hereby made isomorphic 
with the system of ordinary complex numbers and infinity we speak of a 
complex line. A real representation of the points of a complex line may then 
be obtained by the usual method for representing complex numbers by the 
real points of an Argand plane. The points of the line with real coordi- 
nate «x form a subset ©, of points on the line :— in the representation men- 
tioned this subset © is represented by the points of the real axis. By means 
of a projective transformation on the line the set ©) is transformed into another 
or the same set ©. Any such set of points € on the line which is projective 
with the set ©) of real points on the line is called a chain. on the line. In the 
Argand representation the chains on the line evidently correspond to the cir- 
cles (and straight lines) of the plane. 





* Presented to the American Mathematical Society February 29, 1908. 
+ Cf., however, the last paragraph of the present paper. 
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The contact of this paper with the theory of functions of a complex vari- 
able is now evident. The study synthetically of the chains on a line with 
reference to their behavior toward the projectivities on the line and the result- 
ing classification of the projectivities (into elliptic, hyperbolic, parabolic, and 
loxodromic) furnishes a synthetic derivation of well-known theorems concern- 
ing the linear fractional substitutions on a complex variable. On account of 
its elementary character this method of treatment may be of pedagogic value. * 


The notion of a chain has been fundamental in the synthetic introduction 
of imaginaries into geometry since the time of von Staudt.t In the more 
recent work on the foundations of projective geometry it necessarily plays an 
important role. Pieri has indeed recently chosen the chain as one of the un- 
defined elements in his set of assumptions for complex projective geometry. t 
More recently Professor Veblen and I§ have given a set of assumptions for 
projective geometry in which the point and an undefined class of points called 
a line are the only undefined elements, and in which the chain is defined. This 
paper will in the sequel be referred to occasionally by the letter A. In its re- 
lation to the foundations the present paper forms a continuation ‘of the one 
just referred to, in which it is shown how the fundamental properties of chains 
are derived from the assumptions laid down in A. As may be expected 
several of Pieri’s assumptions occur here as theorems. From the point of view 
of the foundations it is interesting to note that the projective geometry of 
chains on a complex line is isomorphic with the metric geometry of circles in a 
plane. 

From what has been said it is clear that the approach to the present paper 
may be either from the synthetic or from the analytic side. For the former 
reference may simply be made to _A. The analytic description of a chain is 
given above. The presuppositions of the paper are given below in section 1. 
They are for the most part elementary notions and theorems of projective 








*If the isomorphism between the system of complex numbers and: the points of a 
complex projective line be emphasized together with the fact that the usual Argand representation 
is simply a real representation of the points of a complex line, the beginner willno longer be 
troubled with the fact that the Argand plane shows only a point at infinity, whereas the 
projective plane has a line at infinity. 

tv. Staudt, Beitrdge zur Geometrie der Lage, Nirnberg, 1857, p. 187 ff. 

{ Pieri, Nuovi principii di geometria projettiva complessa, Memorie della R. Accad. d. 
Scienze di Torino, ser. 2, vol. 55 (1905), pp. 189-235. 

§ Veblen and Young, A set of assumptions for projective geometry, American Journal 
of Mathematics, vol. 30 (1908), pp. 347-380. 
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geometry ; in so far as they apply to the less familiar ideas of complex pro- 
jective geometry reference may bé made to A, or they may be derived 
analytically without difficulty. In section 2 is discussed the system of invariant 
chains of an involution. Conjugate points with respect to a chain and the 
notion of orthogonal chains are defined and discussed in section 8. The following 
section brings the classification of projectivities into, elliptic, hyperbolic, 
parabolic, and loxodromic, and the discussion of the associated systems of 
chains. In section 5are then derived certain analytic criteria. Finally in sec- 
tion 6 the results previously obtained are used to write down a complete list of 
the different types of continuous groups which leave a chain invariant, i. e., of 
those continuous groups of linear fractional transformations which can be 
represented with real coefficients. This section and the paper close with a 
brief reference to the application of the results and methods of this paper to 
the synthetic treatment of the geometric theory of discontinuous groups of 
projectivities, i.e., of the groups of the automorphic functions of one variable. 

Section 1. Presuppositions and notation. Points will in general 
be denoted by the capital letters of the alphabet such as A, B, - - - M,N. 
All points considered are on the same complex line. We assume the follow- 
ing definitions and theorems from projective geometry : 

I. The harmonic conjugate B of a point A with respect to two others C_D 
is a uniquely determined point , distinct from A, C, and D; this is denoted 
Dye alia. Dy thesrelavion bi-/7( A, CD) amplies the relations 
Aga be) yeandaG =.) Ap). each of thexpairs: AD, CD; is 
said to be harmonic with the other; and the two together form a harmonic set ; 
this is denoted by H( AB, CD). 

Il. 1. A projectivity 7 is a one-to-one reciprocal correspondence or trans- 
formation, whereby to any point ? corresponds a unique point P’; in sym- 
bols 7(P) = P’. 2, A projectivity transforms ‘any harmonic set into a 
harmonic set.* 3. A projectivity is uniquely determined by three pairs of 
homologous points. 4. A point M/ for which (JZ) = M is called a double 
point of 7; a projectivity is uniquely determined when two double points and 
one pair of homologous points is-given. -5. Ifa projectivity 7, is followed 
by another or the same 72, the resultant correspondence is a projectivity de- 
noted by 7 77,; the inverse of a given projectivity a is denoted by 7. 
6. Every projectivity different from the identity has at least one and not 





*On a complex line properties Il 1, 2 are not sufficient to characterize, a projective trans- 
formation. Cf. A, p. 373. 
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more than two double points. 7. Any two projectivities with the same 
double points are commutative, i.e., 727, = m7. 8. If w and m7 {' have 
the same double points we have 7,77, !1=7. 9. If a projectivity w has 
only one double point M and we have w(A4A,) = A, A), we have 
(AAs, Ay; 1)’ 

III. 1. A projectivity J of period two, i.e., such that JJ = 1, is called 
an involution. 2. Any involution has two distinct double points,and 3. is 
determined uniquely by two pairs of homologous points, in particular by its 
double points; the involution J determined by the two homologous pairs 
AA', BB' is denoted by [( AA’, BB'). 4. If the double points of an invo- 
lution J are MLN, and if AA’ is any homologous pair, we have H(AA’, MN), 
and conversely; a homologous pair of an involution is ususually called a 
conjugate pair. 5. If a projectivity interchanges two distinct points it is an 
involution. 

IV. 1. Achain © = | ABC is an infinite class of points, uniquely de- 
termined by any distinct three of its points ABC. 2. Any class of points 
projective with a chain isa chain. 3. If PQ are any three distinct points 
of a chain, S= H(P, QL) is a point of the chain. 

V. 1. Neither double point of the involution/(AA’', BB’) determined by 
a harmonic set H(A’, BB’) is a point of |AA'B|. 2. Evwery chain con- 
taining two conjugate pairs of an involution J but not containing the double 
points of J has at least one point in common with every chain through the 
double points. 38. Through a point P of a chain © and any point @ not on © 
there is not more than one chain that has no other point in common with © 
than P. 

The last two propositions (V, 2, 3) merit a word of comment. From 
the point of view of the foundations, each of them is a consequence of the 
other in connection with the other assumptions made in A for complex pro- 
jective geometry; one of them, however, is necessary as an: assumption of 
closure. In A we chose V, 3 for this purpose, which is there given as As- 
sumption I2 (A, p. 371.) The reader not interested in the foundations may 
simply assume these propositions as intuitionally evident from the Argand 
representation ; chosing H(AA’', BB’) = H(0 #, —11), for example, in 
which case the double points of Zin V, 2 are ¢ and — 7. 


Section 2, The invariant chains of aninvolution. Throughout 
this section J represents an involution whose double points are M1. 
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THEOREM 1. An involution I leaves invariant every chain containing 


the double points M, N of I. 


Proof. Let © be any chain containing the double points and let A be 
any point of ©=|MNA|. Then J(A) = A'= H(A, MN) (by I, 1, and 
Ill, 4). Hence A'is a point of | NA by IV, 1, 3. 

THEOREM 2. Through every point P(# M,N) there is an invariant chain 
of I, not containing MN. 

Proof. Let P’ be the conjugate of P in the involution J, and let J, be 
I( MN, PP'). The double points QQ’ of J, are harmonic with MN, and 
hence form a conjugate pair of J (III, 2, 3,4). But we also have H( PP’, 
QQ) CII, 4). Hence the chain |PQP’| = | P’Q’P| is invariant under J, 
and does not contain the double points MN of J (V,1). 


THEOREM 3. An invariant chain of I not through MN is cut by every 
chain through MN in two points harmonic with MN. 

Proof. Let © be an invariant chain not through ZV. Then, by V, 2, 
every chain through MW cuts € in at least one point, which is not a double 
pointof J. Since every chain through JZN is also invariant by Theorem 1, it 
follows that every such chain cuts © in two distinct points which are conjugates 
of J, and are therefore harmonic with WW (III, 4). 


THEOREM 4. Jf a chain © not through MN meets two chains through 
MN in pairs of points harmonic with MLN, it meets every chain through MN 
in points harmonic with MN. 

Prooy. Let ©, & be the two chains through M/N and let A,B, and 
A,B, be the pairs of points in which they meet © respectively. Then WN 
are the double points of Z(4,B,, A,B,), and this involution leaves © = 
|. A,B,A,| = |B,A,B,| invariant. The theorem then follows from Theorem 3. 


| Derinirion. A chain © which cuts every chain through two given points 
MN in points harmonic with ZN is said to be about* MN. The two points 
MN are said to be conjugate with respect to ©, and each is the conjugate or 
enverse of the other with respect to ©; every point of a chain © is said to be 
conjugate with or inverse to itself with respect to ©. 

THEOREM 5. Through any point P(# M, N) there is one and only one 
chain about MN. 








* “About” is here used in a technical sense. Cf. Harkness and Morley, Introduction to 
the theory of analytic functions (London, 1898), p. 30. 
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Proof. By Theorems 2 and 3, there is one chain © through P about 
MN. Moreover, using the notation in the proof of Theorem 2, we can show 
that © = | PQP'| is the only chain through Pabout MN. For, if C' were 
another chain through P about WW, C' would also contain P’(fig. 1). Now, 
| QIZN | is about PP' by Theorem 4and hence © and CU’ meet | Y@MN| in two 





pairs of points QQ’, RF each of which is harmonic with PP’. But by 
hypothesis the pairs QYQ', RL’ are harmonic with ZN. This is impossible, 
since MN and PP’ cannot both be the double points of 7( QQ’, RA’) (1,4). 

Corotuary 1. The totality of chains about two given points MN forms 
an infinite system of chains no two of which have a point in common. 

For, only one chain of the system can pass through any given point, and 
there is one chain of the system through every point (4 M, 1) of any chain 
through MN. 

Coro“uaRy 2. The chains through two points form an infinite system 
of chains. | 

For there is one through every point on any chain about the two, points. 

THEOREM 6. An involution whose double points are MN leaves inva- 
riant every chain through MN and every chain about MN, and only these. 


Proof. Clearly an invariant chain of an involution must contain both or 
neither of the double points (III, 4). An involution leaves invariant every 
chain through the double points by Theorem 1. Every chain about MN 
meets every chain through ZX ina pair of points harmonic with NV. Hence, 
any point of a chain about JZ is conjugate with a point of the same chain 
(III, 4). Further, every invariant chain not through 1/V must meet every 
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chain through JV in points harmonic with MV( Theorem 3), and is therefore 
about ALN (III, 4). 

Coronary. Through every point P(4 M, NV) pass two and only two 
invariant chains of the involution whose double points are MN. 

It should be here noted that any two distinct points JZ define two 
infinite systems of chains, viz., the system through M/W and the system about 
MN, such that through every point distinct from JZ and J passes one and 
only one chain of each system and such that every chain of one system meets 
each chain of the other in points harmonic with ZN. These two systems 
are of great importance in the geometry of chains on a line. 


THeoreM 7. If a projectivity m with distinct double points MN leaves 
a chain through MN invariant, tt leaves every chain through MLN invariant. 

Proof. Let © be the given invariant chain through MN, and Ilct 
A(# M,N) be any point of ©, and 6(4 M, NV) any point of any other 
chain @' through MN. Then if 7, is determined by 7,(MNA) = MWB, we 
have 7,(©) = W. But w,r7,~! evidently leaves C’ invariant, and y77,~! =7, 
since 7, 7, have the same double points (II, 7). Hence, 7 leaves W invariant. 


Section 3. Conjugate points and orthogonal chains. 

TueorEemM 8. Jf achain, ©, ts about two points MN, and tr is any pro- 
jectivity, then m(C) ts about 7(M) r(N). 

Proof. If any chain, @,, through 7(M) 7(N) failed to cut 7(@) in 
points harmonic with 7(M) w(N), 7—~!(@,) would be a chain through WN 
not cutting © in points harmonic with JV. 

Corotiary 1. If MN are conjugate with respect to ©, w(M ) w(N) are 
conjugate with respect to 7(@). 

CoroLuary 2. Hvery projectivity with distinct double oints MN leaves 
invariant each of the systems of chains through MN and about MN. 

DeFrniTIion. -Two chains are said to meet orthogonally or to be orthog- 
onal, if one contains two points which are conjugate with respect to the 
other. 

THeoremM 9. LHvery projectivity transforms a patr of orthogonal chains 
into a pair that is orthogonal. 

This is an immediate consequence of Theorem 8. 

THeorem 10. Jf © and W are two chains meeting orthogonally in PQ, 
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then every pair of points MN on C(C') which are harmonic with PQ are 
conjugate with respect to C' (C). 

Proof. Wet AB on © be conjugate with respect to @’, so that we have 
H(AB, PQ) (fig. 2). Let A'B' be the double points of (AB, PQ). A'B' 
are on ©’. For J( PQ, A'B’) leaves |.A'’PB'| invariant and this chain must 





therefore be about 44; but there is only one chain through P and about AB. 
Then © cuts ©’ and | AA’A| in pairs of points harmonic with A'S’. Hence 
A'B' are conjugate with respect to ©: j. e., each of two orthogonal chains con- 
tains a pair of points conjugate with respect to the other. Now, as before, let 
AB be conjugate with respect to C’, and let 7(PQAB) = PQMN, which is 
possible since AB and JN are each harmonic with PQ. 7 transforms € into 
itself since | PYA| = | PQM| and therefore also leaves W invariant (Theorem 
7). Hence, WWM are conjugate with respect to ©’ (Theorem 8, Corollary 1). 

CoroLtuary. Through any point of either of two orthogonal chains 
which is not on both passes a chain orthogonal to both. 

This is the chain through the given point and about the points common 
to the two given chains. 


THEOREM 11. The inverse of any point P with respect to a given chain 
C ts a uniquely determined point. . 

Proof. If P is on € the theorem is immediate from the definition. If 
P is not on &, let AB be any pair of points conjugate with respect to ©.* 








* Such a pair exists; e. g., the double points of Z(CC', DD’), where H(CC’, DD’) is 
any harmonic set on ©. 
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The chain | ABP|, orthogonal to ©, meets © in two points MN. Hence 
Q@ = H(P, MN) is the inverse of P with respect to © (Theorem 10). This 
point @ is unique, for if there were another Q’, | PQ@'| would cut in two 
points harmonic with P@ and with PQ’ which is absurd (I, 1). 

THEOREM 12. Through any two distinct points AB there is one and 
only one chain orthogonal to a given chain ©. 

Proof. Suppose A is not on ©, and let A’ be the inverse of A with 
respect to ©. Then|AA’A| is orthogonal to © and itis the only chain through 
AB with this property, since any such chain must contain A’. This applies 
whether B is on © or not. If both A and Bare on ©, let MN be any pair 
on © harmonic with AZ. Then the chain through A about JZN contains B. 
This chain then satisfies the conditions of the theorem. It is the only one, 
since every such chain must be through A and about W/W and there is only 
one such (Theorem 5). 


Secrion 4. Hyperbolic, elliptic and parabolic projectivities. 

THEorEM 13. If a non-involutoric projectivity, m7, leaves invariant a 
chain ©, then m leaves invariant one and only one chain through every point 
which does not coincide with a double point of 7. 


Proof. 1) Let 7 have two distinct double points MN (II, 6). Let A 
(4M, NV) be any point of ©, and # any other point distinct from ZV. Let 7, 
be determined by 7,(MNVA) = MNB. r(C) = is then achain through B. 
Since 7,77,—! clearly leaves CU’ invariant and m,77,—1= 7 (II, 7), it follows that 
a leaves G@! invariant. Moreover, suppose ©’;, were another chain through B 
which is left invariant by 7. ©’; has another point B’ in common with C’, 
since B is not a double point. 7 must,then simply interchange BS’, in which 
case 7 would be involutoric (III, 5), contrary to hypothesis. Hence @’ is 
the only invariant chain through 5. 

2) Let w have only one double point M(II, 6). Let A(4 M) be any 
point of ©, and B (4M) any other point. Let 7,(JIWA) = MMB; the 
theorem then follows as before. 


Corotuary 1. Jf a projectivity leaves two distinct chains through a point 
distinct from a double point invariant, it is an involution. 

Corotiary 2. The system of invariant chains of a non-involutoric pro- 
jectivity with distinct double points consists of all the chains “re"gh the double 


points, if one invariant chain is ua" them. 
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For, if © is ors" WN, the projectivity 7, transforms © into another 


chain ‘xsh 7 (Theorem 8) ; and every chain "718" LV can be obtained 
in this way. 

Derinition. <A_ projectivity with two distinct double points which 
leaves a chain invariant, is called hyperbolic or elliptic according as an inva- 
riant chain does or does not contain the double points*. <A projectivity with 
two double points which does not leave any chain invariant is called Joxodromic. 
A projectivity with only one double point is called parabolic. 

This classification is mutually exclusive, except that an involution is both 
elliptic and hyperbolic. Moreover, every projectivity belongs to one of these 
four classes. To show this we need only show that, ¢fa@ projectivity 7, with 
two double points leaves invariant a chain containing one double point this 
chain also contains the other. 

To prove this let JZ be the double points of 7 and let © be an invariant 
chain of 7 containing M. Let P (4 M, \) be any other point of © and let I 
be the involution in which JJM are conjugate and in which / is a double 
point. Then we have 77 l= 7, since [7 J has the same double points as 7 
(II, 8). J transforms € into a chain © through WN, which is invariant under 
I7I=7. © and Care both invariant chains of 7 and both contain P, 
Hence either © = W’, or 7 is an involution (Theorem 13). 

THeoreM 14. Hvery hyperbolic projectivity leaves every chain through 
the double points invariant and, unless it ts involutoric, only these. Hvery 
elliptic projectivity leaves every chain about the double points invariant and, 
unless it is involutoric, only these. 

Proof. The first part of this theorem is contained in Theorem 13, Cor- 
ollary 2. The second part will likewise follow from this corollary, if we 
show that every elliptic projectivity, 7, must leave one chain about the double 
points invariant. Let © be invariant under 7; it does not then contain either 
of the double points MN. We note first that there exists a chain, ©’, through 
the double points WN meeting € in two distinct points. For let 1’ be the 
inverse of V with respect to ©. If we have MW! = M, our theorem is proved. 
Suppose M' + M; the chain | M'MN| meets © in two points AB. Now, let 
w(AA,BB,) = A,A,B,B.; Aj, A,, Bi, By are then on ©. Further let 7, 





* This definition of elliptic and hyperbolic projectivities seems the most natural and agrees 
with the definition given by some writers; others make the class of hyperbolic substitutions 
less extensive. Cf. footnote page 46. 
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be determined by 7,(MNA) = MNB. Then we have 7,-1(B,) = 
7 \11,(A) =7(A) = Aj, since 7, 7, are commutative (II, 7). Hence 7, (A) 
= 6,. Similarly, we obtain 7,(44,4,) = BBB. Hence 7m, leaves € 
invariant. Also, 7, leaves ©’ = |MNA| = |MNB| invariant. Hence, 
7, is an involution (Theorem 13, Corollary 1), and therefore € is about hi. 
(Theorem 6). 


-CorRoLtuary. Conversely, to every system of chains "°vgh two points MN 


corresponds an infinite set of Miriete pi ojectivities, each of which leaves in- 
variant every chain “rough MIN, and permutes among themselves the chains 
stot MN. 

For, if AB are any two points of a chain through JZ, the projectivity 
a determined by 7(WNA) = MWB, leaves each chain of the system through 
MN invariant; and if AZ are any two points of a chain about AZM the pro- 
jectivity determined in the same way will leave every chain of the system 
about JZN invariant. 

Loxodromic projectivities, moreover, exist. For, if in the above AB 
are two points not on the same chain through JZ nor on the same chain 


about MAN, the projectivity there described will necessarily be loxodromie. 

THEOREM 15. Every parabolic projectivity 7 with double point M leaves 
invariant each chain of a system, any two of which have M and no other point 
incommon. Through any point A(4#M) passes one and only one chain of 
this system. 

Proof. Let 7 (AA,) = A,A,; then we have H(AA,, A,M) (II, 9). 
a therefore leaves | MAA,| = |/A,A,| invariant. This also shows that 
every invariant chain contains M. Finally, two invariant chains cannot have 
any point other than MW in common, since such a point would have to be a 
double point (or by Theorem 13). 

DEFINITION. Two chains with a point Wand no other point in common 
are said to be tangent or to touch at M; the point J/is called the point of tan- 
gency or of contact. 

We have just seen that the invariant chains of a parabolic projectivity 
with double point .W form a system of chains mutually tangent at J/. 

THEOREM 16. Any chain € through the double point M of a parabolic 
projectivity, w, ts transformed by a into another tangent to © at M unless & ts 
an invariant chain of 7m. 
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Proof. Suppose 7 (©) = © has another point in common with ©; 
let it be denoted by A,. Let Ay and A, be determined by 7(Ay A;) = Ay Ap. 
Then clearly © = |.Ay) A, | and ©’ = | A, A, M|. But we have H(A) A, 
A, M), whence would follow © = @. 








Fia. 3. 


Tueorem 17. If two chains © and ©, meet orthogonally in a point M, 
every chain tangent to © at M meets every chain tangent to & at M orthogon- 
ally. 

Proof. Wet Abe the second point of intersection of ©,G, (fig. 3). Let 
be any chain tangent to Cat M. GC’ will meet ©, in a point A’ distinct from M; 
for, if 17 were the only point common to G’, ©, we should have two chains, 
© and ©,, through A tangent to ©’ at W(V, 3). The parabolic projectivity 
determined by (MMA) = MMA’ leaves ©, invariant and transforms © into 
C'. Hence ©’ and ©, are orthogonal (Theorem 9) ; i.e., any chain tangent to 
© at M meets ©, orthogonally That it meets any chain tangent to ©, at 17 
orthogonally follows by reasoning entirely similar to that just given. 

Corotuary. CGivena system S of chains mutually tangent at a point M, 
there exists a second system S, of chains mutually tangent at M such that 
every chain of S meets every chain of S, orthogonally. 


Section 5. Analytic formulation. The analytic criteria for the above 
classification of projectivities are now readily obtainable. If, in connection for 
example with the developments of A, Section 2 ff., we choose any three points 
as Olo, the points of the line are made isomorphic with the system of ordi- 
nary complex numbers and «. ‘The real numbers then correspond to the 
chain {01 |; the purely imaginary numbers to the chain |Qi# |, which is 
the chain through 0 « orthogonal to [0 1 @ |. 
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DerinitTion. The absolute value of a number x is the positive number 
in which the chain through x and about 0c meet |O0lo |. Two numbers then 
have the same absolute value, if they are on the same chain about 0« . 

Two numbers are said to have the same amplitude, if they are on the same 
chain through 00. 

With this analytic representation the projectivities are given by the linear 
fractional transformations 


Oe Oo 


Le vicme 
WAC) eet Reel tah 


ad — be + 0, 


where x, x’, a, b, c, d are complex numbers. If a projectivity, 7, has two 
distinct double points 2, x,, and if «, xis any pair of homologous points of 7, 
it is a well-known theorem of projective geometry, that the double ratio 


C= tt 1 — 2, 


= k 





(1) 


C= 2, « — Ky 


is constant for all pairs « x’. The projectivity 7 may therefore in this case 
be written 


ev — Wy 








(2) 


x — Xo Ge 


The desired criteria are then obtained as follows : 

m is parabolic, if we have (d — a)? + 4bc = 0. 

The double points of 7 will be distinct, if we have (d — a)? + 4bc 40. 

If in (1) we regard 2, x, x as fixed and x’, & as variable, this defines a 
projectivity from x’ tok, whereby x, “., x are transformed respectively into 
Oo 1. By this transformation the chain through «x and x, x is transformed 
into |0 lo | ; whereas the chain through « and about 7%, is transformed into 
the chain through 1 and about 0. It follows, then, that x x’ are on the 
same chain through 2%, if and only if & is real; and that x x’ are on the same 
chain about x, 7, if and only if the absolute value of fis 1. This gives the 
result desired : 
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A projectivity (2) is hyperbolic, if k ts real;* elliptic, if the absolute 
value of k is 1; loxodromic, for any other values of k. An involution is 
characterized by the value k = — 1, which follows directly from the fact that 
an involution is both elliptic and hyperbolic, and the only real number differ- 
entfrom 1 (4 = 1 gives the identical projectivity) whose absolute value is 1 
is — 1; or from (1) and III, 4. 

Since the necessary and suflicient condition that a projectivity #’ = 
(ax + b)/(cx + d) have real coefficients only is that it leave the chain [9 12 | 
invariant, it follows readily that a projectivity can be transformed into one 
with real coefficients, if and only if it leaves a chain invariant. For, any pro- 
Jectivity transforming an invariant chain into |0 12 | will transform the 
given projectivity into one leaving |0 1 oo | invariant. This result may be 
stated as follows: 

Livery hyperbolic, elliptic, or parabolic projectivity can be represented 
analytically by a linear fractional transformation with real coefficients; and 
conversely, a linear fractional transformation with real coefficients is either 
hyperbolic, elliptic, or parabolic. 

Section 6. Groups of projectivities with invariant chain. 

In view of the simplicity of the reasoning it seems worth while to apply 
the results obtained above to the enumeration of the distinct types of con- 
tinuous groups of projectivities which leave a chain invariant; or in other 
words, which may be represented analytically with real coefficients. 

Lie’s enumeration makes no distinction between real and complex ; his 
parameters mean complex parameters. From this point of view there are 
four distinct types of continuous groups of projectivities, viz: 


G3: The set of all projectivities on a line. 

G,: The set of all projectivities leaving a given point invariant. 

G,: The set of all projectivities leaving two distinct points invariant. 
G|: The set of all parabolic projectivities leaving a given point invariant. 


Every continuous group of projectivities in which the parameters are 





* This definition of hyperbolic projectivities agrees e. g., with the definition of Enri- 
ques, Vorlesungen ither projective Geometrie (Leipzig, 1903), p. 101; Goursat, Cours @analyse, vol. 
2 (Paris, 1905), p. 73; Burkhardt, Theorie der analytischen Funktionen (Leipzig, 1897), p. 38; 
with many authors a projectivity is hyperbolic only when k& is real and positive: Osgood, Funk- 
tionentheorie (Leipzig, 1907), p. 225, and apparently the majority of books on the theory of 
functions. 
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complex can be transformed into one and only one of these types.* In seek- 
ing the different types of groups leaving a given chain © invariant, we natu- 
rally regard two groups as belonging to the same type, if and only if one 
can be transformed into the other by a projectivity leaving © invariant. Our 
previous results enable us to write down at once the following five distinct 
types: 


RG; : The set of all (hyperbolic, elliptic, and parabolic) projectivities 
leaving © invariant. 

RG, : The set of all (hyperbolic and parabolic) projectivities leaving © 
and a given point of invariant. 

LGh,: The set ofall (hyperbolic) projectivities leaving © and two points 
of © invariant. 

LGe,: The set of all (elliptic) projectivities leaving © and two points 
conjugate with respegt to © invariant. 

LGp,: The set of all parabolic projectivities leaving © and a given point 
of © invariant. 


That there can be no other types, follows readily from Lie’s theorem f 
that if in a continuous group with real parameters the parameters are allowed 
to take on all complex values, there results a continuous group with complex 
parameters provided the transformations of the group are expressed by 
analytic functions. 

Attention may also be called to the evident possibility of deriving syn- 
thetically much of the geometric theory of discontinuous groups of linear 
fractional substitutions on a complex variable { by the methods exhibited 
in this paper. While probably no great simplification would arise from this 
method of treatment in the case of one variable, it is a significant fact that 
the corresponding analysis for linear fractional substitutions on two complex 
variables is very involved, while the geometry of two dimensional chains in a 
plane (which forms the subject. of a paper to be published in the near future) 
is comparatively very simple. It seems likely therefore that the synthetic 
approach to the geometric theory of the groups of the automorphic functions 





*Lie, Vorlesungen iiber continuierliche Gruppen (Leipzig, 1893), pp. 115 ff. 

t Lie, Theorte der Transformationsgruppen, vol. 3, Leipzig, 1893, p. 362. 

{ Cf., for example, the classical paper by Poincaré, Sur les groupes fuchsiens, Acta 
Mathematica, vol. 1, (1881), p. 1. 
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of two independent variables will yield results of value. For any such ap- 
proach the methods and results of the present paper will form a start- 
ing point. Finally, we would note the connection of the present paper 
with the inversion geometry in the plane. A further synthetic study of the 
transformation which consists in replacing each point by its inverse with 
respect to a chain gives a natural approach to the geometry of inversion and 
may well form the starting point of an investigation looking toward the setting 
up of a set of assumptions characterizing this geometry. The solution of 
this problem is greatly to be desired.* 


UNIVERSITY OF ILLINOIS, 
URBANA, ILL. 





* Cf. Kasner, The Present Problems of Geometry, Bulletin of the American Mathematical 
Society, vol. 11 (1905), p. 290. 


NECESSARY AND SUFFICIENT CONDITIONS THAT AN ORDINARY 
DIFFERENTIAL EQUATION SHALL ADMIT A 
CONFORMAL GROUP 


By L. I. Hewes 


1. Introduction. We are to study in this paper a necessary and suf- 
ficient condition that an ordinary differential equation of the first order 


(1) of = a(#,y) 


shall admit a continuous one-parameter conformal group. We shall assume the 
general properties of conformal transformation groups and in particular the 
following theorem due to Professor Bouton : * 

A one-parameter group of conformal transformations with given path curves 
exists when and only when the given curves form an isothermal family. 

We also assume the general methods laid down by Lie t and used by 
Tresse ft in the study of differential invariants. 

It will be shown that under the infinite group of all conformal transform- 
ations there exist differential invariants formed from a(x, y) and its partial 
derivatives. There are two of the third order and none of lower order. An 
infinite number of higher order are readily obtained from these two of lowest 
order. The desired condition for admission to occur is found to be dependent 
upon the nature of the invariants of the third and fourth orders. 

2. The Differential Invariants. The discussion is greatly simplified 
by the introduction of circular coordinates § 


Utes LIA =e Ua ay, a as 





* Bull. Am. Math. Soc. vol. 11, p. 369. 

+ Math. Ann., vol. 24, pp. 550-576. 

t Acta Math. vol. 18, p. 76, also Preisshrift, Jab. Gesell. zu Leipzig, 1893. 
§ F. Franklin, Am. Journ. Math,, vol. 12, 1890, p. 161. 


(49) 
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The finite transformations of the infinite conformal group are then 
u! = O(u), DIV (UO), 
and the corresponding infinitesimal symbol may be written : 
Tf: ou) H+ veyZ 
where ¢(w) and ¥(v) denote the first derivatives of @(u) and V(v) respec- 


tively. If we extend Uf to operate upon os we have 


uf by Ze very 4 myn) -e'e) & 


when 7 denotes —. In the new coordinates the differential equation (1) 


du 
becomes 
dv 
Z sae 
(2) BF m(u, Vv) 
or more compactly 
(2’) 7T—-m=—Q, 


and it preserves this form under conformal transformations. If we regard m 
as a variable transformed by the infinitesimal transformation U'f its increment 
is determined by the identity 


mv’ — ¢') — dm = 0. 


Lie* has given formulas for computing the increments which the partial deriva- 
tives of m will also receive under U'f and these become in the present case 


dm, om $!, dm, bm 
wy ot == (¥ 2 ot =e =) - 7 


when the subscripts denote partial derivatives. 











*l.c. Also Lie-Engel, vol. 1, p. 545. 
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By repeated use of these formulas we may compute the following table of 
increments (é¢ is omitted) of the successive partial derivatives of m up to 
the third order. 


6m = m(' — ¢’) 

Om, = m,(' — 2¢') — mg" 

om, = — mM! + mp" 

Bite = Muy (Ap! — 3G") — Bmp" — mg" 


SMyy = — 2Myy $' + m, " — mh" 

SMyy = — My (P! + W') + mab" 4 may" 

Siiduny = — Maye (2G! +") + My! — Ay!" E mya 
SMuun = Muun(! — 46’) — My,66"— 4m," — mpl" 
OMuny = — BMyyyh! — 3BMyyh" + My" — m, 
SMyyy = — Myyy(P! + 2p!) + 2m pl” + mil" 


Then the corresponding infinitesimal operator upon any function /” of m and 
its partial derivatives above is therefore : 


iV yy of 
Ueto, gh + 6m, Ls + ...- 6m,,, ——- 
om OM, OMyyy 


We seek now those functions / of m and its partial derivatives which 
satisfy the condition : 


(3) = 0: 


Since this condition is to hold true for all conformal transformations, that is 
to say, for every ¢ and wy, we find that the coefficients of ¢ and wy and their 
derivatives in equation (3), must vanish. This gives rise to the following 
complete system of linear partial differential equations ; 
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1 oF 9 oF oe of aor, oF aor oF se oF 
ete Gi om, pia Om, re Ofte US Cri ” om 
oF oF oF 
ar AMauy OMarun ae 3M OMaunv se 2Mauyy OMuve Moy OM» = 0 
oF oF aM 
Fin Priel een eect 
+ Myy as = 0 
Cine 
0 oF 
BA os OM ss OMe, . OMarvy zm . 
oF 
i ie OM ae = : 
5 m oH m oe m poe m aie +m nee 
Ee ne OMy amo tae Ogg veh Ot 
oF of 
ry |) Pes 2 PL, eS 
na OMuyy ee Chie Y 
oF oF oF 
[6] Be am, mt OM» 70 ees ON rs Pig? Cue =i 
oF oF oF 
ca OMyy bi Hi oe aie Clipe ae 
oF 
= 0 
[3] ma 


We thus find that untzl we use the derivatives of the third order, there are 
not enough variables to give us any solutions. There are plainly two solutions 
of the system [1] --- [8]. To obtain these we adopt as the most practical 
method the use of the solutions of one equation as new variables which are in- 
troduced into each of the remaining equations. This process repeated gives 
us finally one equation in three variables whose solutions are : 


1 | : 
(MyM, — MMy)? LM? 3 (MyM, — My, 





Mm, . 1 mM. — mate) | 
’ 


m* 








M(MMayy — MyMyy) 
= , | m, + . 
(MyM, — MMNyy)? MyMy — MMNayy 
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These invariants may be given a simpler form as follows : 


ao M.,,,, m—m,, ™m 
Let a= ~~ logm= AE 
Lov m 


The function a vanishes identically when and only when the integral curves 
form an isothermal family. This case is of no interest from the present view- 
point. 

Write AX=—3iX, and Y=—72V,, 


then 
x 1 0 a ALONG 
© = Cina Bi (oe 5)» ¥= (Z) ap Organ) 


The functions XY and Y cannot both vanish identically unless a = 0. 
Now it is evident that we could calculate the increments of the deriva- 
tives of the next higher order viz: 


OM sane OMauies OM apes SMU sceien) Ofpnaes 


and annex the corresponding additional equations to our above system and 
again seek the solutions. There would be ten equations with fifteen variables 
and hence three new solutions of the next higher order than XY and Y. In 
general, if the number of invariants of the Ath order is V there will be V + /t 
of the (4 + 1)st order. We do not, however, need to carry out such a process 
for we may obtain all the invariants required by a simpler method; namely, 
that of the “Differential Parameter.” 

We calculate the increments of the partial derivatives of either invariant, 
say of 

OG HKD Ce 


under the infinitesimal transformation U'f. We find these increments by 
formulas I: 


See Ryne 





oy), Dia ROR “Sake BAe oe 
Obes Oi OF Aud! 
Sa OX eye 
on eed ve 


since X is an invariant function, 6X = 0, and there results: 








*It is assumed that neither X,, nor X, vanishes identically. 


54 HEWES [January 


0X, 
ot 


ee RO wi a X,Y". 








We can now determine if there are invariants {} which involve 
Mm, Xu ese 
for they must satisfy the relation 


OW 


ax a; 
— X,¢' 2S — xy 2S 4 mip — $) 8 =o 


om 


for every ¢’ and Wy’. We have therefore to solve the linear partial differential 
equations 


, OF Oe 
Bm ay ox. 15 Ee a 0, 

PY ee 
[10] Xx, ay — ™m in = 0. 


These equations form a complete system. Assuming that neither X,, nor X, 
vanishes identically, a solution is 
7 
mX» 


xa 





Similarly, using the invariant Y we should obtain the invariant 





We shall call these the first derived invariants and designate them as J and J 
respectively. 


3. The Necessary Condition for Admission. Consider now the 
case that the differential equation 


(2') PSS m =—0 
admits a one-parameter conformal group whose infinitesimal transformation is 
Of Ons of 
If. =i ACE | See Nees 





* The geometric interpretation of these invariants is immediately found to be the tangent 
of the angle between the integral curves and the curves X= C0 or Y=@O respectively. 
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By the definition of admission the transformed differential equation is, 
aw —m(u', v') = 0. 


The general differential invariants X and Y are now invariant functions of u 
and v as are likewise Zand J; they are all therefore as functions of wu and v, 
functions of the unique integral invariant of the group and any one, set equal 
to aconstant, must determine the path curves. They are therefore all func- 
tions of the same harmonic function, 


Oey, 


where Uand V are functions of wu and v alone, respectively. 

Evidently ail the differential invariants of higher orders submit to the 
same condition. We may then state as a necessary condition, which will be 
shown to be sufficient, the following : 

A necessary condition that a first order ordinary differential equation 
shali adinit a one-parameter conformal group is that the invariant X (or Y) 
and its first derived invuriant I (or J) shall be functions of the same har- 
monic function. 


4, The Sufficient Condition. Then XY =c determines the unique 
conformal group: 


= bo se aiee COR af 
fa SS Nally mime ayy nee ws. 

oe P ou fake a (= oe Sean oes 
where p is a function of wu and v satisfying the conditions 


CE re 


Sige X pas: 





op 
[4] ay ae 


From the second of these equations we have also 





! 5 ie, fae ples (Op 
a ou” ae 


The necessary and sufficient condition that 
(2') 7—m=0 
shall admit U'f may be written 
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using the relation [4’] we have 


F ry 7a aa 7 a Ia 
[5] Muy AG My abe 2G AG = 2G: hes 2b DS, x uv we Xx uu 
xX, mm xe RG OG 


v 


ilk 





It is now easy to show that this condition [5] is satisfied whenever the as- 
sumed necessary condition of §3 is satisfied. 
Multiply [5] by , and rearrange the terms, and there results 











GS ae ee 
Equation [5'] may be given the determinant form : 
{tox (m =) | S| toe (m =) | 
Ea OU ames MG, ovL © oGe are 
me me 


But [5'] is always satisfied when Y and J are functions of the same harmonic 
function U+ V. We have therefore the 

THEOREM. A necessary and sufficient condition that an ordinary differ- 
ential equation of the first order shall admit a one-parameter conformal group 
ts that a conformal invariant of the third order and its first derived invariant 
of the fourth order shall be functions of the same harmonié function. 

5. Interpretation of the Invariants. We may write the invariants 


st 1 Og Oke. TON ANS) 
X= (aj ouput i= eS 5, log am 


in the original coordinates x and 7. We shall for that purpose adopt the 
notation 
T = are tan a, 
O77 Shor 
Artr=235+ =>)" 
arya oy” 
and denote partial differentiation where convenient by subscripts. 
We furthermore find it convenient to multiply X and VY by (— 27)}. 
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We have then: 
Sah Ii [= + aAt, i 2(a, — aa,) 

[Ar(1 + a?) ] 1+@é 

ie: (cae —Art, 2». AE + Ay) 
At 1+a@ )|: 

y! a 1 [= + aAt, ra 2(a, — Adz) 

[A7r(1 + a) }} At 1+ a? 





; (== — At, a 2(aty + az) 
o Ar 1+@ )|: 


Adding X'and Y'and subtracting, in order to obtain real forms, we have 
finally the two independent invariants of the third order : 








T- I aAt, + At, a 2(a, — ad,) 

7 [Ar(1 + @)?] At it hae ; 
= 1 aAt, — At,  2(aa, + a,) 
ie [Ar(1 + a?) ]}? | 2 LEME ae 


Denoting the curvature of the integral curves of the original differential equa- 
tion by «, we have: 


Gy + Mey | 
Tie 
Similarly writing the curvature of the orthogonal trajectories, 
Sed. — 
aS eS 
(1 + a’): 
b dk dk " : 
we may then write At = eet ae where s and § denote arcs on the in- 
as as 


tegral curve and the orthogonal trajectory respectively. With this under- 


standing we may write the invariants X and Y as functions of the curvatures 
« and « and their first and second derivatives with respect to the arcs. 


N= 





1 Kgs aa ae 2K 
(Ks + K3)?L&,+ Ks; («+ =a 


yan “yal Keg ti Was 2K 
(Ks + K5)* a eee - Eee 
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The fourth order invariants may be given similar form. In terms of the 
original variables x, y, a, a differential parameter is 

aQ, + O, 

Toca aan 

QO, — aQ, 
where Q is any invariant. Hence we may write as the two fourth order 


invariants, 
pa tht (pene, 
A ae Tear 


Expressing these invariants in terms of the curvatures « and x al their 
derivatives we have, 
[= PIO, = BIS, 

where 

0 2 Lite =, 7S 2K (kag Kee) 2Ks 

P= vi log(«, + e los (es +) } a (ees a ae 


— 4. Lethe 0 
—") fe do 0g + )—5 15 log (x, + Ks) a= slog (x. + i) } 





2K (Ks5 + Kas) Qk; 1 
(Ks + K3)% (Ks + #3)4 
* 2 (ss + Kis) 
®)— 51 55 log (xs + «)} cE Can 








1—a\T 2 
a a \| salog es + # 
2K, 92 A 12 ; ae 
(Ky + ay | scaglog(is + Kk) — 3 {35 lost + «3) 5y OS (Hs + z)| 


24 (Ks + Ki) Qi 

(Kk, + K3)2 (x, + =k 

e Ate 21 (teas + iis) 
ae g eae EY 
age E= log (Ks + «3)— 515 log & (Ms + i) = “Io («+%) | — (a teh 


~ Gee ei] [Floats +) 5 [Fog (es + )} 


2K(Kg + KE Qer 
(Ks + K5)2 (iene eal 
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1—@ Ge Re Biles et eo owe ‘ * 
g=( a ) Laras lost ia Die + 5) = log(«. + z) | 


2K (Ks5 + K5s) 2K 5 02 = ae 1(@a Fe ~ 2 
 (k&, + %3)3 Ry (Ks + oa = 2| slog te, a= 5 | aglogte zs «)} 


2K (Ks; + K35 2 2k; ] 
(x, + «3)2 Cara 








6. Conclusion. It is possible to write down the form that the function 
a must take in the differential equation 


(1) eee y) 


da 


in order that the equation shall admit a conformal group. Since the path 
curves » = c, of such a group must individually cut each integral curve under 
a constant angle along that curve we have at once 


(6] (ays 
ay ©. 


where is a solution of Laplace’s equation, 





On ap Oy = OF 
; , dy se 
Solving [6] for an We obtain 
Oe Oe (0) Oy 
ut dx @, + F'(@) 0, 


The corresponding infinitesimal conformal transformation is 


Uf : Oy of Wy 0. f 


2 Dar, 2 ara | 
@, +, Cx ow, +, OY 





It will be found that whenever w Las the form in equation [7] that YX, Y, J, 
and J are functions of , or in other words the form [7] is necessary and 
sufficient. 


YALE UNIVERSITY, 
: Ajontye, sltefasy. 


THE 8-SPACE PG (3, 2) AND ITS GROUP.* 
By Grorce M. Conwetu 


Introduction. An n-space in which the points are determined by 
homogeneous coordinates will contain only a finite number of points if the 
coordinates are restricted to be integers reduced to a modulus. In this paper 
the modulus 2 is used, i. e., the only numbers possible are 0 and 1. 

The configuration of the “real” points, i. e., those whose coordinates are 
expressed in terms of 0 or 1, is studied in detail. 

The complete projective group of collineations and dualities of the 
3-space is shown to be of order |8 and to have as a sub-group the linear 


15 
homogeneous group L. H. G. 8, this sub-group consisting of the projective 


collineations of the 3-space. The line coordinates for the lines of the 3-space 
are introduced and the linear complexes and congruences obtained. These 
line coordinates can also be considered as the coordinates of points in a 
-space. To every transformation of the 3-space there corresponds a trans- 
formation of the 5-space. In the 5-space, there are determined 8 sets of 7 
points each, “heptads,” by means of which is established the isomorphism 


15 
of the linear homogeneous group L. H. G. |8 with the alternating group 


on 8 letters. 

An 8 letter notation is derived from the “heptads” for the points, lines, 
and planes of the 3-space. 

The geometry gives a complete solution of Kirkman’s School Girl 
Problem and is related to several functions which are of importance in the 
Galois theory of equations. The configuration of the 3-space is the same as 
that studied by Moore in this connection. t 


The Configuration of the ‘‘ Real” Points. A point is determined 
in a 3-space by 4 homogeneous coordinates (a, 6, c, d) and when the numbers 





*Oswald Veblen and W. H. Bussey, Finite Projective Geometries. Transactions of 
the American Mathematical Society, vol. 7 (1906), pp. 241-259. 

+ E. H. Moore, Concerning the General Equations of the Seventh and the Eighth Degrees 
Mathematische Annalen, vol. 51 (1899), pp. 417-444, 
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a, b, c,d, are integers and reduced modulo 2 we obtain 15 points excluding the 
combination (0, 0,0, 0); these are called the “real” points of the 3-space. 

If P,, = (aq, , (1, dy) and P,, = (a2, 62, &, dg) are any two points, the 
points of the line joining them are given by 


chee + nas == Aq, + HA2,5 roy ok nbo, AC} a C25 rAd, — ny) ; 


the only possible sets of values for (A, 7) are (1, 0), (0, 1), (1,1), hence 
the number of points on a line is 3. The points of a line may thus be denoted 
by P,,. Pa» Po,+., Consider a fourth point P,., which is not on the line 
eee eae, ovidentival a, La pant «444. are points of the lines 
joining P,, to the points of the line P,,, P.,)P.,4..,° 

These 7.points are all the points of a plane, since any 2 points P, and 
P, determine a collinear point P,4,, which is contained among the 7. The 
configuration of the 7 points of a plane is that of a complete quadrangle in 
which the diagonal points are collinear. The number of lines in a plane is 7 
as there are 7 points and 3 lines through each point. 

In the 3-space the number of “real” planes is the same as the number of 
“real” points, since for each possible set of point coordinates there is a possi- 
ble set of plane coordinates. Consider the 7 points of a plane which can be 
denoted by 

Jet A rin Warr Vediy Te poe ares We ae a's 


and a point Pa” not upon the plane; this will determine 7 other points 


pe Pipe tae. als dP yeaa if ae Oat ee a gis J ap hak SU 6 Lee a,+a'+a''? 


These 15 points constitute all the “real” points of the 3-space, for any 2 
points P,, and P, determine a collinear point P,4,, which is included among 
the 15 and any 3 non-collinear points P,, P,, P, determine the 7 points of a 
plane, which can be denoted by 


Lae mg: er ys fh eases Sapte Lee ees 


Any 4 non-coplanar points determine 15 points. This process of 
“doubling” from a point without an n-space always leads to an (n + 1)-space 
or from a PG (n, 2) toa PG(v+'1,°2). 

Through each point there are 7 lines, for take any point and a plane not 








* KH. H. Moore, loc. cit. 
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containing it, the 7 lines joining this point to the points of a plane contain all 
15 points. The number of lines is 35, since there are 15 points and 7 lines 
through each point and 3 points on a line: 7.15/3 = 35. 

Of the 15 planes 3 pass through each line. Consider a plane and a point 
outside the plane, the point with the 7 lines of the plane determines 7 dis- 
tinct planes, one of which contains any 2 points of the 3-space, hence there 
are 7 planes through each point. 

The whole configuration can be exhibited in the table * 


So Si Se 

So 15 ye 
S, 3 35 3 
7 OS fi ( ig, 


So isa point, S; a line, S,a plane and in general S,is an n-space. A 
number 7 in the zth row and the 7th column gives the number of ?-spaces in 
the given space, while a number n in the 7th column and the sth row gives the 
number of ¢-spaces which are united with a k-space. 

By the use of the transformation 7’ of period 15 


/ / J 

Uy = xy a. 4 U4 xy = oe + Ls ae U4 

4h ; or ; 
/ > A 

= % + % + Us + my Ly = + 0 + x} 


all the points can be obtained from a single one, say Clo ISL eandalinetio 
planes from a single one, say 2 + x + ba Oe eal 0 


1 Ta.) if Hy + Xs + Xs oh X4 = 0 
2 (0,1,1,0) II a = 0 
3 (075,050) III Xs + 4 = 0 








*E.H. Moore, Tactical Memoranda I-III. American Journal of Mathematics, vol. 18 
(1896), pp. 264-303. 
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Hence denoting the points by the numbers 1 to 15, the point ¢ is ob- 
tained from the point 1 (1,1,1,1) by the transformation 7’. All the planes 
are obtained from one expressed through its 7 points as 1 (1,2,5,7,12,13,14) 
by the transformation 7’ (1,2,3,4, ---, 14,15) and its powers. 

And all the lines can be obtained from 3, each expressed in terms of its 
3 points, (1, 2, 5), (1, 3, 9), (1, 6, 11), by means of the same transforma- 
tion 7’. The first two lines have each 15 conjugates while the third has 5 
under the transformation 7’and its powers. 


Introduction of Line Coordinates. Two points Pa and Pa’ of the 
3-space determine a line; P, (@, @y, a3, a4) and P,'(aj, aj, a3, 4). 
There are 12 determinants p,, of the form 








Sees 
Pix = a! al. 
which are related two by two, px = Pi (since p = — p modulo 2). 


The 6 quantities (Pi2, Pis, Piss P23 Poa» Ps) ave the Pliicker line coordi- 
nates and completely determine a line. They are related by the condition 


Pr Psa + Piz Po + Pus Pos = 0.* 


The line coordinates of the 35 lines can be obtained from those of the 3 
lines (1, 2, 5), (1, 3, 9), (1, 6, 11) by means of a transformation P on the 
p’s which is induced by the transformation 7’: 


Pe = Pr + Pos 

Pis = Pa + Pis + Pu + Po + Ps 
Pi = Prt Pis + Pu + Psa 
P= + Pig + Put Pos + Prat Psu 
Pu= + Pi + Pr + Psa 
DP = Put + Po + Psa 


The 38 lines and their line coordinates are respectively (1, 2, 5), 
eee eaGleoveek means hs 50,0 7b. 1b) 0s 0,0, 151) 0)49(0,1,0,1,0,1). 
It is evident that the line coordinates may be looked upon as points in a 








*C. M. Jessop, Treatise on the Line Complex; page 17. 
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9-space, a P((5, 2). In such a space there are 2° — 1 = 63 points excluding 
(9,0,0,0,0,0). Of these 63 points, the 35 representing lines of the 3- -space 
lie upon a surface, S, 


Pr2Pss + Piz Pes + Pi P23 = 0. 


The lines whose coordinates satisfy a linear equation constitute a linear 
complex, which can be either degenerate or non-degenerate. 

A degenerate complex consists of all the lines which meet a given line, 
called the axis, together with this axis. Given two lines p and p’ with the 


line coordinates (Pj, Piz, Pus P23, Poss Ps) ANd (Ploy Pig, Piss P31 Phas Pia), the 
condition that they may intersect is 


Pr2P3- + PsP + Pi P53 + PD's + Px Pizs + Pz Pip = 0. 


Hence this condition, if the p’s are considered constant, is the equation 
of a degenerate complex, consisting of all lines meeting p’ and of p’ itself. 
The equation is satisfied for p’ since the equation then reduces to the condi- 
tion S. 

Any linear relation among the p’s, as 


Api, + Opys + Pu t+ Apex + CPt fpu = 9, 


can be looked upon as the polar of the point (7,e,d,¢,b,a) with respect to the 
surface S and if this point in the 5-space represents a line in the 3-space, then 
the complex determined will be degenerate; if it does not represent a line, 
the complex is non-degenerate. Hence the polar of a point on the surface S, 
i. e., the tangent 4-space at the point to the surface iS, has in common with the 
surface S the points representing the lines of a degenerate complex, while the 
polar of a point off the surface S determines in a similar way a non-degen- 
erate complex. The number of degenerate complexes is equal to the number 
of points in the 5-space which represent lines in the 3-space, that is 35. 
They may all be obtained from the following three by the transformation P 
and its powers: 


Pit Pig + Pr 1 Ps = 9, > Pre + P33 + Pu = 9,  Pig'+ Po3 + Py = 0. 
A non-degenerate complex is a system of lines such that through every 


point of the 3-space there is a flat pencil of lines and all the lines in every 
plane pass through a point. The proof is the same as in the ordinary case. * 





* Jessop, loc. cit., page 25. 
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The lines whose coordinates satisfy two linear equations and hence are 
common to two complexes, constitute a congruence. Consider the two com- 


plexes C and C’: 


Api, + Opis + Pye + Epos + CP + Jpss = 0, 
aD + O'pys + Cig + A'Dog + C'Pu + fp = 0; 
these determine a third complex, C’ = C+ C’, 


(a+ a’) Pp +O + 0) pig +(6 +) Dig +(d + A’) prog +(€ + €') Pos 
+(f +S") pas = 9. 


C, C' and C" are degenerate if the points (a,b,c,d,e,f), (a’,b',c',d',e',f') and 
(a+a@,b4+b,c+¢,d+d,e+e, f+ f’)respectively are upon the surface 
S. The condition that this last point is on the surface reduces to 


af' + a'f+ bel + Ve+cd'+cd=0. 


This is the condition that the axes of C’and C’” intersect. Hence if the 
three complexes of a family are all degenerate, the congruence determined 
consists of 11 lines meeting the two intersecting axes of the complexes C’ and 
C’. If two of the complexes of the family are degenerate, while the third is 
non-degenerate, the congruence consists of 9 lines meeting the two non-inter- 
secting axes of the degenerate complexes. If only one of the complexes of 
the family is degenerate, then the non-degenerate complexes contain the axis 
of the degenerate complex, the congruence consists of 7 lines, the axis 
and 6 lines meeting it, one line through each point of the 3-space. This is a 
degenerate congruence with an axis. When the three complexes of a family 
are all non-degenerate, there is a non-degenerate congruence determined, which 


consists of 5 lines such that there is one and but one through each point of 
the 3-space. 


The Group of the 3-space. Every projective collineation* in the 
3-space PG(3, 2) is represented by a transformation J on the point 
coordinates 

1=4 


SES ee CR Pea ON iy 








*O, Veblen and W. H. Bussey, loc. cit., p. 253. 
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This transformation is completely determined if we know into what 
points the vertices of the tetrahedron of reference are transformed ; (1;0,0,0) 
goes into (a1, dy, Ay, Ay), (0,1,0,0) goes into (a7, ag, A325 M42), ete. 

In order that the transformation may have an inverse, the determinant of 
the transformation must be different from zero, and this is the condition that 
the four points (a,;, d2;, as;, &%;), (@ = 1,2,3,4) into which the vertices of the 
tetrahedron are transformed shall not be coplanar. Hence the number of 
transformations of the group of projective collineations is equal to the number 
of ways four non-coplanar points can be chosen, i. e., 15-14-12-8 = 20,160 
= |8/2. The dualities or polarities of the 3-space are transformations of the 
form 


—— Api, r= (1, 253,4), 


where the x’s are point coordinates and the w’s plane coordinates. 

These transformations have the property of changing points into planes 
and vice versa, but change lines into lines. The number of these dualities is 
evidently the same as the number of projective collineations |8/2. The order 
of the complete projective group, consisting of all projective collineations 
and dualities, is |8. 

Since a transformation of the complete projective group changes lines 
into lines, every transformation of this group determines a transformation on 
the line coordinates. Conversely every transformation on the line coordinates 
which changes lines into lines corresponds to a transformation of the complete 
projective group. Let the transformation on the p's be of the form 


1=6 
PL => andy Preeh, 2 7b By 
ceil 


The lines with the coordinates (1,0,0,0,0,0), (0,1,0,0,0,0), 
(0;0;150,0,0); (0,1,1,0,0;50) ; (1,0,1,0,0,0) and (1,1,0,0,0,0), all pass 
through the point (1,0,0,0) and must be transformed into lines, hence we 
must have 

(A) dite; + Ai5; + asia = 0, (7 = 1, 2, 3), 


(B) (tit ay) (agi + Aj) + (aa; + x5) (Asi + Mj) -+ (As; + Oy) (Aa; + Oyj) = 0, 
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(B) reduces by means of (A) to (B’): 
(B') aye + Ay ter + Aig; + AgjM5; + AziAy + Agi = 0, (Y = 1, 2, 3). 


(5') is the condition that the three lines (1,0,0,0,0,0), (0,1,0,0,0,0), 
(0,0,1,0,0,0), which are not in a plane, must be transformed into lines which 
meet two by two, hence they must pass through a point or lie in a plane. 
Hence all the lines through a point must be transformed into lines through a 
point, a projective collineation, or be transformed into the lines of a plane, a 
duality. The simplest transformation on the p’s which is a duality is 


ie ps — Dome pi Dime Pie Desa Ps = Pa Po = Dis 


The Configuration of the 28 Points not upon the Surface S 
in the 5-space. Interpreting the results of section 2 in terms of the 
5-space we see that taking the polar of a point in the 5-space with respect to 
the surface S determines a non-degenerate complex for the 3-space. Taking 
the polars of three points of a line in the 5-space determines a non-degener- 
ate congruence for the 3-space. Hence the number of non-degenerate con- 
gruences is the same as the number of lines in the 5-space, which are wholly 
off the surface S. Whatever is true for a single point of the 28 is true for 
all, as any point can be transformed into any other. The number of lines 
wholly off the surface S which can be drawn through the point (1,0,0,0,0,1) 
is 6 and the same number can be drawn through each of the 28 points, hence 
there are 28-6/3 = 56 lines wholly off the surface S. The number of non- 
_ degenerate congruences is thus 56. 

Consider the 3 points of a line as A= (1,0,0,0,0,1), B = (1,0,1,1,0,0), 
C = (0,0,1,1,0,1), which are wholly off the surface S. Through each of 
these points there are 5 other lines wholly off the surface 8. These lines are 
denoted below in terms of their 3 points, the 3 points in a row are the 3 points 
of a line. 


Lines through 4 
(1,0,0,0,0,1)(1,0,1,1,0,0) (0,0,1,1,0,1) 
(1,0,0,0,0,1) (0,1,1,1,0,1) (1,1,1,1,0,0) 
(1,0,0,0,0,1) (1,1,0,0,1,0) (0,1,0,0,1,1) 
(1,0,0,0,0,1) (0,0,1,1,1,1)(1,0,1,1,1,0) 
(1,0,0,0,0,1) (1,1,1,0,1,0) (0,1,1,0,1,1) 
(1,0,0,0,0,1) (0,1,0,1,1,1) (1,1,0,1,1,0) 








Lines through B 
(1,0,0,0,0,1) (1,0,1,1,0,0) (0,0,1,1,0,1) 
(0,1,1,1,0,1) (1,0,1,1,0,0) (1,1,0,0,0,1) 
(0,1,0,0,1,1) (1,0,1,1,0,0)(1,1,1,1,1,1) 
(0,1,1,1,1,1) (1,0,1,1,0,0) (1,0,0,0,1,1) 
(0,1,0,1,1,0) (1,0,1,1,0,0) (1,1,1,0,1,0) 
(1,1,0,1,1,0) (1,0,1,1,0,0) (0,1,1,0,1,0) 








Lines through C 
(1,0,0,0,0,1) (1,0,1,1,0,0) (0,0,1,1,0,1) 
(1,1,1,1,0,0) (1,1,0,0,0,1) (0,0,1,1,0,1) 
(1,1,1,1,1,1)(1,1,0,0,1,0)(0,0,1,1,0,1) 
(1,0,0,0,1,1)(1,0,1,1,1,0)(0,0,1,1,0,1) 
(0,1,0,1,1,0)70,1,1,0,1,1)(0,0,1,1,0,1) 
(0,1,1,0,1,0)(0,1,0,1,1,1)(0,0,1,1,0,1 ) 
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It will be observed that when two points as _A and B of the line ABC 
are chosen, that each of the 5 other lines through A is met by a single line ot 
the 5 other lines through B. The 5 points determined by the intersection of 
these pairs of lines together with the 2 points A and B we designate a 
‘heptad.” It will be found that the 7.6/2 = 21 lines joining these 7 points by 
pairs are wholly off the surface 8S. If any 2 points of the heptad are chosen 
and these points are used in the same way as A and B for the deter- 
mination of a heptad, the same heptad will be determined. Each of the pairs 
of points AL, BC, CA determines a heptad so that each point of the 28 
points off the surface S belongs to 2 heptads. The number of heptads is thus 
28.2/7 = 8. No 6 of the points of a heptad are in the same 4-space, no 5 in 
the same 3-space, no 4 in the same 2-space, no 3 in the same 1-space. 

If we take the generators of the group of projective collineations of the 
3-space, the L.H.G 3, the matrices below are the matrices of the 6 gen 


9 


erators of the group.* 


‘E, E, E; EF, E; E, 

1110 0101 0110 1110 0101 0011 
0111 0110 0011 0100 0011 0110 
1111 0010 1011 0010 1111 0010 
1011 1110 Lit 0101 1011 1001 


From these can be calculated the corresponding transformations in terms of the 
p’s. Let the 8 heptads be given the numbers 1 to 8; each heptad is deter- 
mined by two of its points. 


(1,0,1,1,0,0) and (1,1,1,1,1,1) determine heptad 1 
(0,0,1,1,0,0) and (1,1,1,0,1,0) determine heptad 2 
(1,1,0,0,1,0) and (0,1,0,1,1,1) determine heptad 3 
(0,05. 151s rand (0,1,1,1,0,0) determine heptad 4 
(1,0,1,0,1,1) and (0,1,1,1,0,1) determine heptad 5 
(1,0,0,0,0,1) and (1,0,1,1,0,0) determine heptad 6 
(1,1,1,0,0,1) and (0,0,1,1,0,0) determine heptad 7 
(0,0,1,1,1,0) and (1,1,0,0,1,0) determine heptad 8. 
*B. H. Moore, loc. cit., page 435. 
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The transformations in terms of the p’s applied to the 28 points off the 
surface S permute the heptads among themselves. To the 6 generators 
above correspond the permutations on the heptads, 


By = (4,7) (7,6), By = (4,7) (6,8), Hs = (4,7) (8,5), 

Wea al, 0) pel = (451. Lyd) elg == (As (1258) 3 

and these are the generators of the alternating group on 8 letters. 
Hence the L.H.G 8 and the alternating group on 8 letters are 
2 : 


isomorphic.* 

A transformation on the p’s which is a duality is equivalent to a transfor- 
mation of the symmetric group on 8 letters, for example, the duality of page 
67 is equivalent to the transformation (2,7) (8,6) (4,5) on the heptads. 
To the fact that by the addition of one duality to the group of projective 
collineations the complete projective group can be generated, corresponds the 
fact that by the addition of one uneven transformation to the alternating group 
the symmetric group is generated. The complete projective group of the 
3-space, PG'(3,2), is isomorphic with the symmetric group on 8 letters. 

By means of the heptads, it is possible to assign an 8 letter notation to 
the points of the 5-space which are off the surface S, and to study their con- 
figuration. We have pointed out the fact that each point off the surface S 
belongs to 2 heptads. The notation for a point can thus be taken as (a,0), 
a # 6, and there are 8.7/2 = 28 combinations of this form corresponding to 
the 28 points off the surface 8S. The notation for the points of a line off the 
surface Sis (ab) (bc) (ca), a, 0, ¢ distinct ; for the points of a line off the sur- 
face SS by pairs determine three heptads. Thus the two letter notations for the 
points must by pairs have a letterincommon. There are thus 8.7-6/1-2-3 = 56 
lines off the surface S. The maximum number of points which a plane can 
have off the surface S is six. Such a plane in terms of its points has the no- 
tation (ab) (bc) (ca) (ad) (bd) (cd). A line off the surface S has the notation 
(ab) (bc) (ca). For any point off the surface S has the notation (xy) and in 
order that the line determined by this point with (ab) may have its third point 
off the surface S, x or y must equal a or } since (ab) and (xy) must belong to 
a common heptad. Letw=atheny=d,d4a+4+6#¢. Then the two other 





*First proved by Jordan, Traité des substitutions, No. 516. E.H. Moore has given a 
proof based on the same system of generators, loc. cit., page 432. 


points of the plane which are off the surface S are (4d) and (cd). There 
are 8-7-6-5/1-2.3-4 = 70 planes of this kind. 

In a similar manner the 3-spaces and the 4-spaces with the maximum 
number of points off the surface S can be determined. The configuration of 
the n-spaces with the maximum number of points off the surface S is given 
below in a table whose interpretation is the same as that of the table page 62 


S S, S Sy S, 
Sens 6 15 20 15 
S 3 56 5 10 10 
Sy 6 4 70 4 6 
5, ae 10 5 56 3 
pe ales 20 15 6 28 


The Configuration of the Thirty-Five Points upon the 
Surface S in the 5-space. The surface S has as its equation 


P12 Psa + P13 Po + Pig Pox = O 


and is satisfied by the 85 points of the ®-space representing lines in the 
3-space. Consider any two points upon the surface 9, (41, 51, (1, dy, &, f,) and 
(4, 53, C2, dz, @, fo) the third point of the line, (@,-+ dg, 6, + by, & + Co; 
dy + dy, & + &, fi +2) will be upon the surface S if 


(% + 4) (Ai + Sz) + (bi + 82) (er + 2) + (cr + &) (dy + dy) = 0 
or if fz + Af, + dye, + bye, + cd, + Gd, = 0. 


This latter is the condition that the two lines in the 3-space represented 
by the first two points intersect. Any two points of a line can be taken as 
the first two, hence the 3 lines in the 3-space which are represented by the 
points of a line in the 5-space must meet by pairs in the 3-space and thus lie 
in a plane, or pass through a point. 

Let’ A — (ai, a;,10,, 0,), 3 = (51, 52, bs, &y), O= (G4, Ca, Cg, c,) be three 
points not on a line in the 3-space. The line coordinates of AB and AC 
are 

(@yb2 + Ady, +++, Agby + Q4b3) and (ayCy + ao, «++, AzCy + MgC). 
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These line coordinates considered as coordinates of two points in the 5-space 


determine a collinear point, 


(a [by + C2] + a [0, + G1], ++ +5 A304 + Ca] + ay [ 03 + ¢]) 


whose coordinates are the line coordinates of the line joining A to the third 
point of BC, (6; + q%, bg + ¢, bs + ¢3, by + c). Hence the three points of a 
line in the 5-space which is entirely on the surface S represent a flat pencil, 
three lines in the 3-space which lie in a plane and pass through a point. 

The seven lines in a plane of the 3-space are represented by the 7 points 
ofa plane wholly on the surface Sin the 5-space, since in the plane in the 3-space 
every line meets every other line. In a similar manner the lines through a 
point in the 3-space are represented by the points of a plane which is wholly 
on the surface S in the 5-space. 

The tangent 4-space at a point of the surface S has already been shown 
to have 19 points in common with the surface S, representing the 18 lines 
which meet a given line in the 3-space, and the line itself. 

Since through a given line in the 3-space there are 3 planes and through 
each point in a plane 3 lines, it follows that the 19 points which the tangent 
4-space has in common with the surface S are upon 9 lines through the point 
of tangency. 

Any 4-space passing through the point of tangency has in common with 
the tangent 4-space a tangent 3-space. These tangent 3-spaces are of two 
kinds. The first kind has in common with the surface S 11 points, which 
are upon 5 lines through the point of tangency, representing a degenerate 
congruence determined by two degenerate complexes whose axes have a point 
incommon. The second kind has in common with the surface S 7 points, 
which are upon 3 lines through the point of tangency ; these represent the 7 
lines of a degenerate congruence with an axis. 

The tangent 2-spaces are determined by two 4-spaces through the point of 
tangency and by the tangent 4-space. They are of 5 kinds. One and two 
have 7 points in common with the surface S and are on 3 lines through the 
point of tangency. They represent in the 3-space the lines of a plane and 
the lines through a point respectively. Three has 5 points in common with 
the surface S, which are on 2 lines through the point of tangencyfand repre- 
sent in the 3-space a line and a flat pencil through each of two points of the 
line determining two planes through the line. Four has three points ofa line 
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in common with the surface S and represents a flat pencil of three lines in the 
3-space. Five is a tangent plane which has but a single point in common 
with the surface S and represents a single line in the 3-space. 


In the configuration of the 28 points off the surface 8 there are 70 planes, 
which have 6 points off the surface S. Two of these planes pass through 
each of the 35 points of the surface S. We have seen that the notation for 
the points of one of these planes is (ab) (ac) (cb) (ad) (bd) (cd) and the nota- 
tion for the plane itself may be taken as (abcd). 


If the heptads are denoted by the 8 letters a,b,c,d,e,f,9,h, it will be 
found that the 2 planes (abcd) (efyh) have but 1 point in common with the 
surface S and that these common points are the same. Hence the points of 
the surface S can be denoted by a double 4 letter notation, which will also be 
the notation for the lines of the 3-space. On page 63 the line coordinates of 
all the lines are obtained from those of the 3 lines Casa len (lta 
by use of the transformation Zand its powers. The 8 letter notation for 
all the lines of the 3-space can be obtained from the notations for the 3 lines 
above, which are respectively (1278 + 3456), (1357 + 2468), (1467 + 2358), 
by use of the transformation on the heptads, which is isomorphic with 77, i.e., 
(17654) (283). 

The Determination of an Eight Letter Notation for the Points 
and Planes of the 3-space. A point of the 3-space is determined by the 
7 lines which pass through it, and these correspond to the 7 points of a plane 
in the 5-space. 

A plane of the 3-space is determined also by the 7 lines which lie in it, 
and these correspond in the 5-space to the 7 points of a plane. To each of 
the points of the 5-space there belongs a double four letter notation. Hence 
a point of the 3-space will be denoted by 14 sets of 4 numbers. The eight 
letter notation for the point 1 = (1,1,1,1) of the 3-space is 1278 + 1458 + 1234 
+ 1357 + 1256 + 1868 + 1467, 3456 + 2367 + 5678 + 2468 + 3478 4+ 2457 
+ 2358 and the notation for the point? is obtained from this by the 7th power 
of 7, where 7' = (17654) (283). 

These 14 sets of 4 numbers constitute the planes of a finite Euclidian 
geometry, where the numbers are considered as points; there are 4 points to 
a plane and 2 points to a line. This same Euclidian geometry can be obtained 
from the PG‘(3,2) by striking out all the points of a plane, which will cut 
out 3 points from each plane. Another statement of the above is that the 14 
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sets of 4 numbers constitute a quadruple system,* for when any 3 numbers 
are given there is always a fourth determined. 

The proof is as follows. When 3 numbers as a, 0, c, are given this de- 
termines a line in the 5-space ; this line determines a congruence in the 3-space 
whose 5 lines have the notation 


abcd + efgh, abce + dfgh, abcf + degh, abcg + defh, and abch + defg. 


But through any point of the 3-space there is but one line belonging to a con- 
gruence, hence the fourth letter belonging to adc in the notation for this line 
is determined when this line is given. 

The group, which leaves a plane of the 3-space or a point of the 3-space 
fixed, is of order 14-12-8 = 1344 and this is the order of the group of the 
Euclidian geometry and of the quadruple systems on 8 letters. 

There are 15 quadruple systems related to the planes of the 3-space and 15 
related to the points of the 3-space. The points of the 3-space are trans- 
formed into the planes and vice versa by the odd transformations of the sym- 
metric group on 8 letters, hence the 2 sets of 15 quadruple systems are conju- 
gate under the symmetric group, while the members of each set of 15 are 
conjugate under the alternating group, which changes points into points and 
planes into planes. 

The 8 letter notation for the points of the 3-space enables one to calculate 


15 8 
the corresponding transformations of the L. H. G. |8 and the G8 immedi- 
on a 


ately. The method of passing from the linear homogeneous group to the 
alternating group has already been given on page 11. To pass in the reverse 
direction it is only necessary to determine into what points the vertices of the 
fundamental tetrahedron are transformed. This gives a method, which does 
not require the direct use of a table of corresponding transformations. f 


Applications to Kirkman’s School Girl Problem.{ The problem 
is “to arrange 15 school girls in parties of 3 for 7 consecutive day’s walks, 
so that no 2 girls may walk together more than once during the 7 days.” 





*T. H. Moore, loc. cit. 

+ Such a table is given by L. KE. Dickson. Mathematische Annalen, vol. 54 (1901), page 
564. 

{See Ball, Mathematical Recreations and Problems, page 89, for numerous references to 
the problem. 
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A congruence of the 3-space as 


5, 10, 15 1467 + 2385 
escent 1567 + 2384 
2, 7, 12 or 4567 4+ 2381 
Bom gents 1456 + 2387 
fea 1457 + 2386 


(the latter in the 8 letter notation) is obtained by polarizing for the surface S 
with respect to the 3 points of a line in the d-space which is wholly off the 
surface S, and taking the points of the 5-space which are common to the sur- 
face S and the 3 polar 4-spaces; these common points represent the lines of a 
congruence in the 3-space. The above congruence is obtained by polarizing 
with respect to the 3 points 


(1,0,1,0,0,1) 28 
(1,1,0,0,1,0) or 38 
CL 23 


(the latter in the 8 letter notation). The group of a congruence is thus com- 
posed of all members of the alternating group which permute 3 letters among 
themselves, hence is of the order 5-3/2 = 360. <A day of the school girl 
- problem is evidently a congruence. 

A week’s solution consists of 7 congruences which do not have a line in 
common. The 5 lines of a congruence can be written in the 8 letter notation 
abcd + efgh, abce + dfgh, abcf + degh, abecg + defh, and abch + defg, 
1. e., they are given by abcu + defgh/x,x = d, e, J; 9, h, and the congruence 
is determined by polarizing with respect to the 3 points ab, be, ca, of a line in 
the 5-space. There are 2 types of congruences having a line in common with 
the above congruence, I, abdx + cefgh/x, x = c, e, f, g, h, obtained by polar- 
izing with respect to the points ad, bd, da, and II, abcdh/« + efgx, x= a, b, 
c, d, h, obtained by polarizing with respect to the points ef, fy, ge. Hence 
in order that 2 congruences shall have a line in common, the lines in the 5-space 
with respect to which we polarize must either have a point in common as ab 
or they must not belong to the same heptad. Hence the school girl problem 
consists of finding 7 lines in the 5-space which do not intersect and such that 
any 2 lines always have a heptad in common, 


) it Re 
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The 8 heptads give a complete solution of the problem. We take 7 of 
the heptads as (1234567) and form a PG (2,2) with heptads as points, and 
the following triads as lines: 

123, 145, 167, 347, 246, 257, 356. 


Each of the sets of 8 numbers determines a line in the 5-space which is 
wholly off the surface S and no 2 of the 7 lines have a point in common 
and each two have a heptad in common. These 7 lines in the 5-space thus 
determine a solution of the problem. 

There are 30 PG(2,2) related to 7 letters, and since there are 8 heptads 
there are 30-8 = 240 solutions of the school girl problem belonging to this 
geometry. The 30 PG'(2,2) belonging to a set of 7 heptads are conjugate 
under the symmetric group and there are 2 sets of 15 such that the members 
of each set are conjugate among themselves under the alternating group. 
Hence there are 2 sets of 120 solutions each, the solutions of each set are 
permuted among themselves by the projective collineation group * and one set 
is transformed into the other by a polarity. 

If we apply the cyclic transformation (12345678) to the above PG‘(2,2) 
we obtain 8 solutions, which do not have a congruence or day in common. f 
These 8 solutions embrace all 56 congruences. By a transformation of 
period 15 we can obtain 120 solutions from these 8 and by means of a duality 
all the 240 are obtained. 

Each solution is invariant under a group of order 168, since it is a 
PG(2,2) on 7 heptads. From this PG‘(3,2) we derive 240 solutions. There 
are 2)15/8 equivalent spaces which are conjugate with this space, hence there 
are 240-2.)15/8 solutions of the school girl problem to be obtained from these 
spaces. J. Power has shown that this is the number of possible solutions, 
hence each school girl solution is related to a PG‘(3,2).t 


Application to the Equations of the Eighth and Lower De- 
grees, A particular expression,§ 


VU = UyU_ ly + Wy LUxCg + UyNoXeWy + LyLeWpy + LyXopLq + UyNeUe—lg + Uy yM Ay 


+ UglyUslg + LoNg—lq + LeleC7Xg + UCM oly + UgWyqNg —- VoL Mp7 + oA ssa, 





* KE. H. Moore, loc. cit., page 441. 

t E. H. Moore, loc. cit., page 443. 

tJ. Power, On the Problem of the Fifteen School Girls. Quarterly Journal of Mathe- 
matics, vol. 8 (1867), pp. 236-251. 

§ Mathieu, Journal de mathématiques pures et appliqués, vol. 6 (1861), pp. 241—3823. 
See page 291. 
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which is the notation for a point or a plane in the 3-space and is invariant 
under a group of substitutions of order 14-12.8 = 1344, has been used to re- 
duce the general equation of the eighth degree to a special one whose Galois 
group is of order 1344.* The expression v has 15 conjugates under the alter- 
nating group and hence is the root of an equation of the fifteenth degree 
whose coefticients can be rationally expressed in terms of the coefficients of the 
original equation and of the square root of the discriminant. On adjoining 
a root v of this equation of the fifteenth degree and adjoining the square root 
of the discriminant, the general equation of eight degree reduces to a particular 
one with the Galois group of order 1344. 

The equation of the seventh degree may be considered by allowing one 
of the heptads to be fixed. A function which plays a similar role to the one 
above for the equation of the seventh degree is 


VS MU ply PF LyLyly + Ly@7Wy + LyMyHz + UsMy, + Wy + Ay Wye. 


This is the notation for a school girl solution and as has been shown is inva- 
riant under a group of order 168. Thus v has 15 conjugates under the alternat- 
ing group. Hence on adjoining a root of an equation of the fifteenth degree 
and adjoining also the square root of the discriminant, the general equation of 
the seventh degree reduces to a special equation whose Galois group is of 
order 168.f 


Nrew HAveEN, Conn., 
APRIL, 1909. 





*H. Weber, Lehrbuch der Algebra, vol. 2, page 377. 
{+ H. Weber, loc. cit , page 540. 


THE GEODESIC LINES ON THE HELICOID 
By S. E. Rasor 


Introduction. To find the geodesics on the helicoid we will first ob- 
tain them for a surface to which the helicoid is applicable and on which they 
are more easily obtained. Since lengths are preserved in the application of 
surfaces and since geodesics are shortest lines they must correspond on two 
applicable surfaces. Or, analytically, the geodesics will correspond on two 
applicable surfaces since only #, /’, and G and their derivatives enter the 
differential equation of the geodesics. 

It has been shown* that the helicoid whose equations are 


Pay BOS OPS Rs |e ae 


u' being the radius vector and v’ the angle made by the x-axis and the projec- 
tion of the radius vector on the xy-plane, is applicable to the catenoid whose 
equations are 


C= COS Very =U. SIN Us 2 = arc cosh (w/a), 


a / 
u= s( — eit), 


where wu and v are defined as for the helicoid and where uZa.t The two 
surfaces are applied when we choose as corresponding points those for which 


Vis = (05) LSAYIE imma bile 


The correspondence of the two surfaces when one is thus applied to the 
other has also been exhibited,t viz., the smallest circle of the catenoid cor- 
responds to the axis of the helicoid, other circles corresponding to helices ; 


the meridians of the catenoid correspond to the straight line generators of 
the helicoid. 


* Darboux, Théorie générale des surfaces, vol. 1, pp. 77, 82. 
+ The discussion is limited throughout to real points and real geodesics. 
t Darboux, l. c., vol. 1, p. 83. 


(77) 
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The Geodesics on the Catenoid.* The differential equation of the 
geodesics on a surface of revolutiont becomes 


(1) US SC, Se dy? + dz, 


If c = 0 in this equation we obtain, since u = 0 is not possible, v = constant, 
so that the meridians on the catenoid are geodesics. Of the parallel circles 
only w = a is a geodesic since it is the only one for which the principal nor- 
mal is normal to the surface, this being a necessary and suflicient condition. 

By substituting in ds in equation (1) the values of dx, dy, dz from the 
equations of the catenoid, we obtain 


du 
@) os l Fa — a?) (uw? = C) : 


There are three cases of this equation to discuss, viz., 








Css Cre, Cea 
in which only positive values of ¢ will be considered since changing the sign 
of ¢ only changes the sign of v in (ine 


First Case: ¢ > a. Since u? = a?, it follows that u2> @ if the integral be 
real, Substituting w = ¢/sin $, equation (2) reduces to 


$ 
(3) U +) ue —+mm, 
0 V1 — R. sin? 


in which & = a/e and m is any constant; m can be chosen equal to zero 
without loss of generality since the geodesics for the different values of m 
can be made to coincide by a rotation about the z-axis. Thus 








c 
(Dae Ste Y= (ia). 0 


IIA 
noe 

IIA 

y 


are the equations of one branch ot any geodesic of the first kind. But 
sin ¢ = c/w = cos a from Clairaut’s equation,} proved by writing (1) in the 





* Cf. Darboux, |. c., vol. 3, p. 4, for a brief discussion of the geodesics on a surface of 
revolution having meridians extending to infinity and a parallel of minimum radius. 

t Knoblauch, Theorie der krummen Flachen, pp. 147,148. 

¢ Knoblauch, J. c., p. 148. 
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udv ; 
form w:- ae eee which a is the angle between an arc of the geodesic and 


the are of the circle. It follows that 


¢=2nr+47 +4, 


where n is any integer. 

But on the circle wu = c, supposed above the xy-plane, sin @ = + 1 and 
therefore a =n7. ‘The geodesic is therefore perpendicular to the meridian 
at the point where it is crossed by the circle uw =c. Let wu be positive and in- 
crease fromc. Suppose ¢ to start from 7/2 and to approach zero; then wu in- 
creases indefinitely, and the geodesic approaches asymptotically the meri- 
dianv=0. Considerations of symmetry at once show that the geodesic is 
symmetrical with respect to the meridian plane, v = F'(k, 7/2), since w re- 
mains the same for both 7/2 + ¢ and 7/2 — ¢. A branch of the geodesic for a 
given c is thus enclosed between the planes v = F'(k, 0) =Oand v= 2 F'(k, 7/2) 
= (hk, 7) and lies above the circle w= c since u>c along the geodesic. 
As ¢ increases from 7 to 27 another branch, equal to the one just described, 
is obtained which is tangent to the circle u=c at v= F(k, 37/2). The 
equations of this branch may be written, since u and ¢ are considered positive, 


—u=csin , ee (ie by. w= oS 27. 


This process may be continued indefinitely. 

If 2/'(k, 7/2) is not commensurable with 27 the branches of the geode- 
sic for a given ¢ are repeated in endless procession without returning to the 
starting point. If the ratio of 2/’(k, 7/2) to 27 is equal to p/q where p and 
q are integral, then while v describes p complete revolutions the geodesic con- 
sisting of g branches returns to the starting point and may be said to be 
“closed” although each of its branches runs to infinity. But 2/'(k, 7/2) isa 
continuous function of #, varying monotonically from 7 to o as x varies 
from 0 to 1. There must. therefore be infinitely many values of 4 for which 
2F'(k, 7/2) is commensurable with 277. Consequently ‘‘closed” geodesics exist 
on every catenoid. 

Moreover, the angle 2/’(k, 7/2) becomes infinite as c approaches a and 
k approaches unity, so that as the circle, w = c, approaches the smallest one, 
u =a, the geodesic winds about the catenoid an increasing number of times 
before it becomes tangent to u=c. But as c increases, 2/(k, 7/2) decreases 
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and approaches its minimum 7 as ¢ becomes infinite and k approaches zero. 
The limiting “closed” geodesic (not a circle) therefore winds about the cate- 
noid just once and goes to infinity once. 

SECOND CASE: c<a. By the substitution wv = a/sin $, equation (2) 
reduces to 


¢ d 
(4) vak | 2 ; mn, 
0 Vl—k* sin? 


where & = c/a and, as before, m may be taken equal to zero, and where we 
study the behaviour of w and v for values of ¢ in the intervalO <¢= 7. It 
is to be noticed that ¢ no longer has the geometrical interpretation of case 
one. ‘Thus, for this branch, 











w= ag vak Bll, $), 0=¢Sr 
are the equations of the geodesic. 

If $6 = 7/2, then uw = a and a = are cos (c/a) since cos a=c/u. As > 
increases to 7, wu increases without limit, and a increases to m/2, so that the 
geodesic approaches a meridian asymptotically. Meanwhile v is increased 
by kF'(k, 7/2). 

But the surface is symmetrical with respect to each meridian plane, 
and also with respect to the plane of the circle,u—a. As v, therefore, 
varies from 0 to 2 kF'(k, 7/2) =kF(k, 7), a branch of the curve starts at 
infinity on the upper or lower part of the surface at the plane v = 0, crosses 
the circle uw = a at an angle a = arc cos (c/a) at the point P in the plane 
v=kI'(k, w/2), and passes to infinity on the lower or upper part of the 
surface where it approaches asymptotically the meridian v = kF'(k, 7). There 
is a pencil of geodesics through this point P, each one intersecting wu = a@ in 
its own angle corresponding to the values of c. As v increases again by 
kF'(k, w), another branch of the geodesic is obtained crossing the circle vu = a 
at the plane v =k F(k, 37/2); so we may proceed indefinitely. 

But as c approaches a and & approaches unity, kF'(k, 7) becomes infinite 
and the geodesic winds about the catenoid increasingly often before crossing 
u =a, and the angle of intersection with uw = a approaches zero. As c and 
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k approach zero, kF'(k, 7) approaches zero, and thus the limiting case of 
this class of geodesics is a meridian. If 2h /'(k, 7/2) is commensurable with 
27, the geodesic returns to its starting point and may be called “closed”, by 
which is meant however only that for a given c the geodesic consists of a 
finite number of branches. ‘There are an infinite number of values of *& for 
which this is true. If it is not commensurable with 27, the branches are 
repeated in endless procession and never return to the starting point. 


THIRD CASE: c= a. If in equation (4) we put & = c/a = 1, the equation 
of the geodesics reduces to 


a ® dd 7 o 
©) Bee vm [org = lee nas): 
But fanh eee | 

ev + e-¥ | 


and, by substituting for v from (5), 





2 tan 2 
2 , a 
tanh v = $ ae 
ye 
sec" 5 
ey es 


Therefore along the geodesic, u = a coth v = a This equation 


in the polar coordinates uv, v in the xy-plane represents a cylinder whose 
intersection with the catenoid will give the geodesics for ¢=a. As v ap- 
proaches zero, w becomes infinite, and as v increases indefinitely uw decreases 
to a. The geodesic thus starts tangent asymptotically to the meridian, v = 0, 
comes into the finite part of the surface as v increases, and with constantly 
decreasing radius vector winds about the circle u = a as v increases indefinite- 
ly. It is the limiting case of the geodesics of classes one and two. 

Through a given point on the surface there will then pass a pencil of 
geodesics of type one (c > a), a pencil of geodesics of type two (¢ < a), and 
two geodesics of type three (c = a), so situated that the two geodesics of 
type three separate those of type one from those of type two. This follows 
immediately from Clairaut’s equation, wcos a=c- Fora given point, wu is 
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fixed and as c decreases continuously from uw to zero through a, the angle a 
increases continuously from zero to 7/2. 


UMN P= 





The Geodesics on the Helicoid. As has been said, the correspond- 
ence between the helicoid 


e=u'cosv, y=u'sinv, z=av' 


and the catenoid 
= LOS, 2/ == Ussine es, = a are cosh (u/a) 
in the application of these surfaces is given by 
= eee ae 


To a meridian v = v) + 2nm of the catenoid correspond parallel straight line 
generators 
x=u'cos%, y=u'siny, z= a(Up + 2n7r) 


of the helicoid. 

To the minimum parallel circle, «=a, of the catenoid, corresponds 
u' = 0, the axis of the helicoid, but to each point of the circle correspond on 
this axis an infinite number of points, 27a units apart. 

To any other parallel of the catenoid u=6> a corresponds a helix 
wu = Vb? — a? on the catenoid, but to each point of the circle correspond an 
infinite number of points on the helix lying in a line parallel to the z-axis 
(vertical) at a distance 27a units apart. The correspondence of points in the 
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two surfaces may be made more precise by considering only those points of 
the catenoid on one side of the minimum parallel, for example only points 
for which z 2 0, and by supposing u>0; then to each pair of values of u 
and v corresponds a single point of the surface, and to each point of the sur- 
face, only one value of u, and values of v differing by multiples of 2zr. 

If in the equations of the helicoid we suppose w > 0, we shall have a 
single point corresponding to each pair of values of wu’ and v’, and conversely, to 
each point of the surface one value of wu’, and one value of 2’. So that both 
u and wu’ being positive we have to one point of the helicoid a single corre- 
sponding point of the catenoid, but to each point of the latter correspond 
points of the helicoid in the same vertical line, 27a units apart. It is on the 
basis of such a correspondence that the equations of the geodesics of the 
helicoid are given in terms of elliptic functions. But in the discussion of the 
geometrical properties of the geodesics of the second class—those crossing 
the minimum parallel of the catenoid and the axis of the helicoid — the 
continuations of these lines have been included, namely points of the catenoid 
for which z is negative, and points of the helicoid for which w’ is negative. 

If the double signs are omitted from those equations they will indeed be 
still the equations of geodesic lines, but the correspondence would perhaps be 
not so clearly exhibited. 

Each branch of a geodesic on the catenoid for the first case, c > a, was 
found between meridians making an angle of /’(/, 7) with each other. They 
are tangent toa certain circle, w= c, at a point half way between two such 
meridians. A corresponding helicoid geodesic lies between planes which pass 
through the axis and differ in angle by /’(k, 7), as appears from the geome- 
trical meanings of v andv’. The geodesic approaches asymptotically the 
generators of the helicoid which lie in these planes and touches a certain helix 
corresponding tou=c. There is a pencil of geodesics of this type through 
each point of the surface. 

If /'(k, 7) is commensurable with 277, other branches of the same geodesic 
for the same c are tangent to the same helix vertically over the first point of 
tangency ; in other words there are equal geodesics, tangent to the same helix 
at points in a vertical line, which approach asymptotically the same generator. 
If not commensurable this is not the case. But at the limit, when c = a and 
F’'(k, 7) is infinite, the geodesic of the third class winds about the helicoid in- 
definitely and only approaches the axis uw’ = 0. Moreover as ¢ is indefinitely 
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increased, /'(k, 7), the angle between the asymptotic generators, approaches 
its minimum value 7. 

The equations of these geodesics may be written in terms of elliptic 
functions. The equations of the corresponding catenoid geodesics are 


+tusind=c, v= F(k, $), k= ~, ¢ =amv. 
Therefore 
£Usnhv=c, or Vu? +a. snv=c=alk. 
Hence 


2 / 

a adn v 

2 gn (lin fay ty OD yea eee 
u ke ( - )s k sn v! 


sincev =v’. Thus the required equations are 


adn v’ . cog vo! 


x= wu’ cosy! = + ; 
ksn v 





adnv!. sin v! 


| se ! 
Y=u' sin yl = 4 
Y Asn v' 


b 
2 — 7-)/ 
aOR ae 


We suppose wu! positive throughout, so that the signs of x and y, in the 
equations above, are to be respectively those of cos v! and sin 2’. 

For the second case, ¢ < a, a branch of the catenoid geodesic crosses the 
circle w = a midway between two meridians making an angle of kF'(k, 1) 
with each other and is asymptotic to these meridians. Hence the branch of 
the corresponding helicoid geodesic crosses the axis at an angle a = 
arc cos (c/a) midway between two generators asymptotic to the geodesic and 
making an angle of v' = kF'(k, 7) with each other. If kF'(k, 7) is com- 
mensurable with 27 there are equal branches of geodesics issuing from points 
on the axis distant 2n7a with parallel tangents at those points with a common 
asymptotic generator. If kF(k, w) is not commensurable with 27, this is 
not the case. There are an infinite number of values of & for which kF'(k, 7) 
is commensurable with 2zr, 
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The equation of the geodesics of this class may be written as follows: 
a cos v' 
tn(v'/k) ’ 
ee sin v’ 
tn (v'/k)’ 


e—u'cosv’ =+ 


Y = Sine! — 


where u’ = ,and & = a/c from the equations of the corresponding 


a 
tn(v'/k) 
catenoid geodesics. As in the first case, the sign of w’ being throughout taken 
as positive, the signs of x and y are respectively those of cos v' and sin v’. 

The catenoid geodesics for the third case ¢ = a were found when pro- 
jected on the «y-plane to be 


u tanh vy = a, 
which for the helicoid reduces to 
Ni ( Comm 6-2 Vee 20, 


since u2 = w? + a. If v' approaches zero, w’ increases indefinitely ; and as 
v' increases u' decreases and approaches zero. Therefore, as v’ increases from 
0 to 27, the corresponding. geodesic starting at an infinite distance traverses 
the entire helicoid and at each period of 27 lies closer to the axis. 

The equations of the geodesics of this class may be written in the form 


x =u! cos v' = a cosech v’ cos vv’, 

= Ue vsin a = a cosech'? sin 7, 
J 

<=av, 


where w! = a cosech v’. Through each point of the helicoid, not on the axis, 
pass two geodesics of this class, separating, as in the catenoid, those of the 
first and second classes which pass through that point. 


Onto STATE UNIVERSITY, 
OcroBER, 1909. 


CUBIC CONGRUENCES WITH THREE REAL ROOTS 
By Epwarp B. Escort 


Gauss has shown that the complete solution of the equation 
c= a—70) 


where n is prime, is found by solving some auxiliary equations whose degrees 
are the factors of n — 1. These equations are called cyclotomic equations. 
Gauss showed that these equations are irreducible. ” 

Consider, for example, the equation 


Pala Bas (1) 


Calling one of its complex roots w, the remaining roots are w?, o%, o, 


wo, wo, wo = 1. 


Since the sum of the roots of (1) is zero, we have 


l+o+o@4 + of + o 4+ of = 0. (2) 


Arrange the roots so that the exponents are in geometrical progression. 
Several groupings are possible : 


@, 0, wf, wo (= Oy ie 
o, wo, o (= o>), o% (=103), ie (3) 
i. e., two groups of three each; or 
| Os 1O°) We \oe ars 
ao, a8 (=o), wo? (=o), «:. (4) 
wt, a8 (= of), ol (= o), ; 
i, e., three groups of two each. 


If we take the sum of the roots in the same row in (3) for roots of a new 
equation, i. e. 


a=o+ + ot, B= o + of + @’, (5) 
(86) 
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we shall have 
ewitigt2=—0 (6) 
with the roots a and £. 
Similarly, in (4) if we put 


a=o-+ o, B =o + o', y= o@ + of, (7) 
the equation whose roots are a, 8, ¥ is 
ce+e%—2xe—-1=0. (8) 


Equations (6) and (8) are the cyclotomic equations for the division of the 
circle into seven parts. * 

From (7), a2 =? + 207+ ow =o? +2+4+0°=8+ 2;alsoP=7+2, 
and yi =at 2. 

From these relations, we see that all the roots of (8) can be obtained 
from any one root, and since (8) must have one real root, all of its roots 
must be real. 

In order to apply these results to cubic congruences with modulus an 
odd prime, let us summarize briefly a few of the properties of these con- 
gruences. 

A congruence cannot have more roots than its degree. The degree of 
a congruence (mod p) can always be reduced to p — 2 by Fermat’s Theorem. 


x?—-1= 1 (mod p), x #0 (mod p). 


A congruence of the first degree always has a root. 

A congruence of the second degree has two roots or none. 

A congruence of the third degree has (a) three roots, (6) one root, or 
(c) no roots. 

The condition that a cubic congruence shall have three roots is rather 
involved, so it seems of interest to consider a large class of congruences 
which have three roots (when they have one). 

An example is obtained at once from (8). 

If the congruence 


xv? + 27 — 24 —-1=0 (mod p) (9) 


has a root a, it is evident that it has also the roots 8 = a? — 2 and y = #2 — 2. 





* For details see Mathews’ Theory of Numbers. 
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Let us consider the problem, to find the most general irreducible cubic 
equition in which each root is a rational integral function of another root, i. e., 


B=f(@), y=f(8), a=f(7), 
and let the equation whose roots are a, 8, y be 
e+ax*+bet+c=0; (10) 
then by using the relation 
a? + aa*+ ba+c=O0 


and similar ones for 8 and y, we can replace f(a) by a function of the second 
degree. 
Consider first the case where the roots have the relations 


Dit ate a. y= S* —n, Cy", cut) 


and let a, 8, y be roots of (10). 

Form the equation whose roots are the squares of the roots of the given 
equation, by transposing the terms of even degree to the second member, 
squaring both members, and replacing x? by x. We have 


a + (2b — ar) a? 4 (0? — 2ac) x—c?=0. (12) 
If we increase the roots of the given equation (10) by n, we shall have 
a + (— 3n+ a) x? + (8n? — 2an + 6) e+ (—n®+ an®*—bn + ¢)-= 07 (13,) 


These two equations must be identical. Equatine coefticients 
oy ’ 


26—-a=—3n4+a, (14) 
OF irr Cee ee (15) 
Ce ae on (16) 
From (14) 
n= %$ (a + a— 2b). (17) 


Substituting in (15) and solving for e, 


1 
Ce eee (18) 
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Substituting these values of » and c in (16) and arranging with reference to 
b, we have 


304 + (8a? + 18) 0? + (6at — 6a? — 18a + 27) BD 
(19) 
— (18a* — 36a? + 18a? + 54a) b — (a®§— 6a® + 100° — 38at — 180%) = 0. 


We can tell some of the roots of (19) at once. For example, in (11) if 
y = 8 =a, we have n = a?—a; and since (10) becomes (x — a)? =0, we 
have a = — a/3; whence n = (a? + 3a)/9 and from (14) 


2 
b=- 


= (20) 


This is one root of (19). 
In (11) instead of a, 8, and y being different, one root might be repeated. 
Instead of (11) we would have 


a=a’?—n, p= =n, Cota.) (21) 
Subtracting, a — 8 = a* — #?,i.e., l= a+ 8, whenceS=—a+ 1. 


Equation (10) becomes 


(@ + a)? («+a—1)=0, (22) 
and comparing coefficients with (10) we find a=—a—1,b=— a’? + 2a, 
whence a = — a —1, and 

b=— (a +4 4a +4 38). (23) 


This gives another root of (19). 
In place of (11) if we had taken the relations 


o— ai, B=y—-n, y= P?—n (24) 


we would have the same equations (14), (15), and (16). From the last two 
equations 8 — y= 77 — #”, andsinceB 4 y, l1=—y—AB#,i.e., y=—B—1. 
Substituting in the second or third relation of (24), we have 


B+ B—n+1=0. (25) 
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Therefore, a, 8, y are roots of the equation 


(~—a)(e?+%"u—n+1)=0. (26) 

Equating coefficients of (26) and (10), we find —a+1l=a, and 

—a—n+1=b6, whence a=—a+1; and since n=a—az=«a—a, we 
have 

b= — (a — 2a). (27) 


This gives a third root of (19). 
Therefore, the remaining root of (19), and the only one which gives for 


(10) an irreducible equation, is 
b= — (a — 2a4 3). (28) 
From (17) and (18) we have, with this value of 8, 
c= — (a — 2a? + 3a—1), 
10a 
Then the equation 


ae + ax? — (a —2a+3)x—(a — 2a*>+ 8a —1) =0 (29) 


has its roots a, 8, y connected by the relations 
B=a— (@—a+2), 
Yee Ge ee (oR) 
a=y— (?—a+ 2), ; 


and since it has one real root, all its roots are real. 

The application to cubic congruences is immediate. We have the 
theorem : 

The congruence 


a + as? — (a? — 2a + 3) % — (a3 — 2a + 8a — 1) =0 (mod p) 


has three roots (when it has any), the relations between the roots being given in 
equations (30).* 





* We will have the same relations (30) between the roots if we replace a by — (a — 1) 
This gives two irreducible cubic congruences having the same relations between their roots. 
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To find irreducible cubic equations or congruences, having between 
their roots a more general relation than (11), namely 
Neha ahs Jlrs BE 
y= RP + kB +l, (31) 
a= + ky + 1, 


we could use the preceding method, or we can obtain the results from those 
already obtained, as follows: 
Equations (31) may be written, 











8 5 =( k\® k? — 2k —Al 
ae So 
k k k? — 2k — Al 
y+5=(8+5) — ' ; (32) 
5 =( k kh? — 2k — Al 
we oe ee ) PERE 4 
Increase the roots of (10) by 4/2, and we have 
3k 3k? Oa alae ke 
3 pee ot Ve Daa) eae gee et 29 
oe +(a yet (0 ak +) x + (c pak EF =) OF (33) 


Substitute in the results previously found the coefficients of (383) in 
place of a, 6, and c, and (A? — 2h — 41)/4 in place of 1; we have, then :— 
The congruence 


: fe Gk On 1c = 0 (mod p) 
has three roots (when it has any), the relations between he roots being 
B=a + ka +1, 
y= P+ ke +l, 


a=y+ky+ l, 
where 


b= — (a — 4ak — 2a + 8k? + 8k 4+ 3), 
c= — (a — 4a°k — 2a? + Bak? + Bak + 8a — 2h? — 3h? — 8k — 1), 
1 =— (a — 3ak —a + 2h? + 2k + 2).* 








* We will have the same relations between the roots if we replace a by —a+ 38k +1. 
This gives two irreducible cubic congruences having the same relations between the roots. 
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Finally, the equation whose roots have the most general relation of the 
second degree, 


[ett Che eg RAL (y 
Y=SE + 9B +h, (34) 
a=fP+ gy +h, 


can easily be found from the preceding. Equation (34) may be written 
in the form 


JB = (fa)? + g(fa) + fh, 
fy = (f8)? + 9(f8) +h, (35) 
Sa = (fy)? + 9(fy) + fh, 
which is like (31) with fa, fp, Jy in place of a, 8, y; g in place of k; 
and fh in place of J. 
If a, 8, y are roots of 
2+ axr+but+tc=0, 
Ja, JB; fy are roots of 
e+ afe* + bfa + cf? = 0. 
The corresponding theorem is: 
The congruence 
go aye OT as 10 (mod p) 
has three roots (when it has any), the relation between the roots being 
B=far+ga+h, 
Yy = fee ie gB ot h, 


a =v iy ty 4: h, 
where 


bf? = — (af? — 4afy — 2af + 3g? + 89 + 3), 
cf? = — (a f8 — 4a°f?g — 2a2f? + bafy? + 5afg+ 3af — 29° — 39g? — 3g — 1), 
hf = — (@f? — 3afg — af + 29? + 29 + 2). 


UNIVERSITY OF MICHIGAN 
ANN ARBOR. 


A GENERALIZATION OF THE GAME CALLED NIM 
By E. H. Moore 


In the third volume of the second series of the ANNats or MaTHEMa- 
Tics Professor Bouton described and gave the complete mathematical theory 
of a known game for which he proposed the name Nim. 

I propose to describe a generalization of Nim, which may be called Ni, 
read Nim index k. Here k is any positive integer, and the game Nim, is the 
original game Nim. Nim, has likewise a complete mathematical theory which 
I shall content myself with formulating. 

Description of the Game Nim,. There are two players A and B and 
an assortment of objects of any kind, say counters. The dealer A takes as 
many counters as he wishes and separates them at will into any number (2 1) 
of piles. The players draw alternately from this deal of say n piles, B 
drawing first; the player drawing the last counter (or counters) wins. In 
each draw the player must draw one or more counters from some one pile 
and he may draw at will from any number of piles not to exceed k. (Thus, 
in Nim, each draw is from one pile.) 

Mathematical Theory of the Game Nim,. It is clear that, if A deals to 
B fewer than & + 1 piles, 6 may win on the first draw by drawing all the 
counters. Such a deal is an unsafe combination (to adopt a term used by 
Bouton) for A to deal to B. There are in fact two kinds of combinations : 
safe and unsafe combinations, the fundamental properties being that every 
unsafe combination by a suitable draw may be made safe, while every safe 
combination by every draw is made unsafe. Thus, if A deals a safe combina- 
tion to B, B by drawing cannot avoid making it unsafe, A by drawing suitably 
makes it again safe, and so on until finally B is obliged to reduce the number 
of piles below & + 1, when A wins. On the other hand, if A deals an unsafe 
combination to 6, 6 by drawing suitably makes it safe, and then the game 
proceeds as before, until B finally wins. 

Formula for safe combinations. Let the combination be of n piles 
containing respectively ¢, c,, - --, ¢, counters. 


(93) 
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Represent these » numbers 
C; (eral ac en) 
in the binary scale of notation, i. e., determine integers 
(eed Bo Ea ry) 
“i G Oaeee ) 


each 0 or 1, in such a way that 


I 


C; = Cio + Cy 244 Cy 2? 4 +--+ ee, W-.. (ele ear vy.7t)) 
These integers ¢; are uniquely determinable. Then the combination is safe 


if and only if 


Se — 0) (mod ie. i) Ci 1; 7 SOR 
t=1 


1. e., if and only if for every place 7 the sum of the n digits c,(¢ = 1, ---, n) 
is exactly divisible by / 4 1. 

This definition and the theory as well as the game Nim; are generaliza- 
tions to k = k from the case k = 1 of Nim. 


Tur UNIVERSITY OF CHICAGO, 
CuicaGco, ILL. 


A SIMPLE METHOD FOR GRAPHICALLY OBTAINING THE 
COMPLEX ROOTS OF A CUBIC EQUATION 


By RutHerrorp E. GLEASON 


Ler a+b —1landc denote the roots of the equation 
e+ px+qeu+r=0. 


Plot the curve «+ px?+ ge+r=y. The curve cuts the x-axis at 
P=(c,0). If a straight edge be revolved about P as a pivot until it 
touches the curve as a tangent at 7’, the abscissa of Z’ will be a, and the 
slope of the tangent willbe &*. Thus the real part, a, of the complex roots may 
be found immediately, and the coefficient of the imaginary unit from the fact 
that 0?(a — c) and the ordinate of 7’ are equal. 

This is easily shown as follows: 

(1) a+ per+qr+r=y. 
dy 


— = 3x? a8 
a 3u* + 2px + q. 


The tangent at the point (#, 7,) is therefore 
(2) Y — Yr = (3a + 2px + 7) (@— %)). 
Since a + 6 V — 1 and care the roots of 2° + pe+qut+r=0, 
p= —2a —¢, = a + 2ac + 6, r=—a@c — be. 
Putting « = a and substituting the values of p, g, r in (1), 
YO = C) 


Putting x, =a, y, = 6?(a — c), and substituting the values of p and g in(2), 
we have 


rei) 


as the tangent at 7'= (a, 6?(a — c)), from which it is seen that the tangent 
at 7’ passes through P. 


(95) 
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When the curve has a maximum and a minimum, if the minimum is 
above the X-axis, ais greater than c and the ordinate of 7’ is positive. 
Hence 67(a — ¢) is positive, and 6 is therefore real; but if the finite maxi- 
mum is below the X-axis, a is less than c and the ordinate of 7’ is negative. 
Hence 6?(a — c) is negative and, since a —c is negative, 0 is real. In the 
third case the X-axis is cut in three places and we may choose any of the 
three intersections for c. If the intersection corresponding to the root 
whose value is algebraically least is chosen, and a is greater than c, then 
6?(a — ¢) is negative; but since a — ¢ is positive, bis a pure imaginary. If 
the middle intersection is taken for c, b?(a — ¢) is either positive or negative 
and a is greater or less thanc, in such wise that 6 is always a pure imaginary. 
If the middle intersection, when it is taken for c, is at a point of inflection, 
b°?(a —c) =Oanda=c. In this case 6 cannot be determined graphically. 
If the third intersection is taken for c, 0?(a@ — c) is positive and a is less than 
c, and 0 is therefore a pure imaginary. Hence in the third case a + b Y — 1 is 
real. It is seen that the third case furnishes an interesting check in graphically 
obtaining the roots of the cubic when they are all real. If the curve possesses 
no maximum and minimum we may substitute point of inflection for both 
maximum and minimum in the foregoing discussion. 


PASADENA, CAL., 
APRIL, 1908. 


THE TOPOGRAPHY OF CERTAIN CURVES DEFINED BY A 
DIFFERENTIAL EQUATION 


By F. R. SHarre 


ConsIDER the equation 


(1 dy ¢ ax? + hay + by? + 2gu+ 2fy +e 
) di Ge ax + 2hlany LO y+ ole + ofy + co 
The existence and form of the solution near an ordinary point and near a 
singular point (that is a point of intersection of c,=0,c,=0) are well 
known. ‘The object of this paper is to discuss the general configuration of 
the integral curves of (1). 

The pencil of conics 
(2) aia 


Co 





through the four points of intersection of the conics c, = 0, c, = 0 is such 
that the integral curves of (1) have the same slope at the points where 
they cut the curves of (2). Massau* has given to such curves (2) the name 
ascolines. The slope of (2) is given by 





Oc, Oc, dy, (OC, Oly dy 

(3) dn” Oy dx aa + ay dx)” 

Hence (2) will have the slope X at the two points in which it meets the line 
Oc, OC, a OC 2 OC, 


Eliminating X between (2) and (4) we find for the locus of all such points 
for the pencil of conics (2) the quintic . 


| OC; 
(5) ee ig Cl 


If we differentiate (1) we see that (5) is also the locus of points on the 
system of integral curves of (1) at which 








*D’Ocagne, Calcul graphique, p. 149. 
(97) 
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It is therefore the locus of the points of inflection of the system of integral 
curves of (1).* 

From the form of (5) it is easily seen that it represents a quintic having 
a double point at each of the four points of intersection of c¢, = 0, @ = 0. 
Each conic of the pencil meets the quintic in two points apart from the double 
points. The pencil of conics therefore determines on the quintic a group of two 
points with one degree of freedom. The tangents to (2) at these two points 
have the slope A and are therefore parallel, the line (4) joining them must 
then be a diameter of the conic. The envelope of these lines is the conict 

OC, OCy 


0C; dG\" 
TER Gear 

There are three values of X for which (2) breaks up into two straight 
lines. The quintic (5) therefore passes through the three points of intersec- 
tion of the pairs of lines and (4) is in each case the tangent to the quintic at 
the intersection. If one of the lines into which (2) breaks up has the slope 
d the quintic degenerates into this line and a quartic. If (2) breaks up into 
two parallel lines, (4) is an asymptote of the quintic. There are two values 
of X for which (2) is a parabola. The line (4) is then parallel to the axis of 
the parabola and one point of the quintic is at infinity. Hence (4) is parallel 
to an asymptote of the quintic. If the axis of the parabola has the slope 2, 
the quintic touches the line at infinity. 

If we choose for our conics two other conics of the pencil, the differential 
equation (1) becomes 
(6) dy me Ac, + Be 

de Cc, + Dey 

The corresponding quintics therefore form a triply infinite system each having 
a double point at the four points of intersection of the pencil of conics which 
determines twelve of the twenty constants of the general quintic. The 
quintics also pass through the three intersections of the pairs of lines of the 
pencil and through the two points at infinity on the axes of the two parabolas 
of the pencil. Hence we have accounted for all the constants. 

The asymptotes of (2) are parallel to the lines 


au? + hay + by? = r(a'a? + hay + bly?). 





*D’Ocagne, Calcul graphique, p. 158. 
+The envelope of the line joining a gj on any curve is a conic. See Bobek, Wiener 
Berichte, vol. 93, part 2 (1886). 
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Hence there are three values of \ for which an asymptote of (2) is also an 
asymptote of the quintic, namely the three roots of 


a+ 2X. + dN =dr(al + 2A 4+ OD*), 


and (4) is the equation of the asymptote. 

The quintic corresponding to (6) is therefore determined. When the 
conic (2) isan ellipse or parabola the two points on it which also lie on (5) are 
necessarily real, but if (2) is a hyperbola the two points may be imaginary so 
that no part of the quintic lies in one pair of the angles formed by two of its 
asymptotes. 

When (2) has the slope \ at one of the intersections of ¢ = 0, cq =0, 
it is easily seen geometrically that the tangent to (2) is also one of the two 
tangents to the quintic at the intersection. On moving the origin to the inter- 
section, (1) takes the form 


ee) C0) ORR G0) ses Se) 
de ala Bary + WP + ke + Py 





The tangent at the origin to (2) is therefore 


ne + fy = (He + Fy)» 
and if this has the slope X, 
+ fr =A + fr). 


Hence the point is a crunode, cusp, or acnode of the quintic according as the 
roots of this quadratic are real, equal, or imaginary. The type of singularity 
at the origin depends, as is well known, on the nature of the roots of this 
quadratic. When the origin is an acnode the integral curves near the origin 
must be spirals since there is no inflection near the origin and the integral 
curves cut each conic of the pencil at an angle different from zero, since they 
can be tangent only at points of the quintic. 

When two or more of the four points of intersection of c,=0, ¢, = 0 coin- 
cide, the pencil of conics haveacommon tangent at the point and if this point 
be taken for origin, (1) has the form 








3 dy _ m(2gxe + 2fy) + ax? + 2hey + by? 
) dx m'(2gu + 2fy) + a’a? + 2h'ay + Uy?” 
The slope of the integral curve through a point (x, 7), which approaches 
the origin along a curve not there tangent to gx + fy = 0, approaches the 
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value m/m'. By approaching the origin along one of the conics of the pencil, 
dy/de may be made to take any desired value A. On making the linear sub- 
stitution 

xc’ = mx — m'y, 


y= ge + fy, 


the equation (8) takes the form, dropping the accents, 


9) dy  2y+ ax? + 2hay + by? 
( die o'r ARI Oe 





in which a, a’, etc. do not however denote the same values as in (8). This 


substitution fails in the case “ =— ae that is when the slope of the inte- 


i 
gral curves is the same as the slope of the common tangent of the pencil of 
conics. In this case we take 
c= x, 
y= ge + SY; 
and (8) takes the form 
dy ae? + Qh'ey + by? 
dx 2y+ ax? + 2hay + by? 





The integral curves of the two normal forms (9) and (10) are of the same 
nature as orthogonal trajectories, the values of dy/dx from (9) and (10) being 
reciprocal. If three of the four intersections of the pencil of conics coin- 
cide, a’ = 0, and the conics have second order contact. If all the intersec- 
tions coincide, a’ = h’=0, and the conics have third order contact. If 
ax + 2h'xy + bly? is a perfect square, the conics have double contact, and 
Vala + Vil y = 0 is the common chord. 
The quintic corresponding to (9) is, from (5), 


(ax + hy) (a'x® + 2h'ay + b'y?)? 
+ (1 + ha + by — a'x — h'y) (a'x? + 2h'xy + bly?) (Qy + ax? + Qhay + by?) 
— (h'u + bly) (2y + ax® + 2huey + by?)? = 0. 
The terms of lowest degree are 2y(a'x? — U/y*) and the terms which are in- 


dependent of y are (ha! — h'a)aa® + ca'x, Hence the origin is a triple 
point, y = 0 being a tangent, and y is a factor if a’ = h! = 0, or whena = 0. 
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When a’ = 0 there is a cusp at the origin as well as asimple branch. When 
ax? + 2h'xy + b'y? is a perfect square, Vea + Vb'y is afactor. If a’ = h'= 0, 
the quartic to which the quintic reduces has a tacnode as the origin of the form 


ZU er oe — 0 ye an" == 0: 
The quintic corresponding to (10) is 
(a’u + h'y) (2y + ax? + 2hay + by”)? 
ie ere Oey (Cr olay + hye) (oy ead - 2hay + by?) 
— (1 + hx + by) (a'x? + 2h'xy + b'y?)? = 0. 


The terms of lowest degree are 4(a'x + h'y)y?, and the terms which are 
independent of y are (h'a — ha')a'x® — a?x*. Hence the origin is a triple 
point with a cusp. When a! = 0 then y is a factor, and when a’ = h' = 0 the 
quintic reduces to a cubic. 

Tn any particular example it is usually easy to draw certain conics of the 
pencil and to mark on the inflectional quintic the values of X% from — x to 
+o. The integral curves are then seen to be of certain distinct types de- 
pending on the nature of the four singular points. The following are interest- 
ing cases. 

EXAMPLE 1. 

dy —(w+y)?—1 
da (4/2 1) 





Here (x + y)? = 1 and (a — y)?, = 1 are the lines and degenerate parabolas 
of the pencil. Hence «+ y=0 and «—y=0 are asymptotes of the 
quintic. The points (+1, 0) are acnodes and the points (0, + 1) crunodes, 
the tangents having slopes 1 + v2. Anasymptote of the conic of the pencil 
rX = 3.38 is the asymptote 7 = 3.38e of the quintic. 

The quintic has its center at the origin (see the figure). 


EXAMPLE 2. ‘ 


dy = —«“%—«xy 
du 4x +4y + 4ay 





The quintic in this case reduces to 


(y + 1) (a? + 4ay + 4y? + day?) = 0. 
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EXAMPLE 3. 











The quinties reduce to 


“Cy? —1)(y—2) = 0, u(y? — 1)? = arty. 


J 


The integral curves are 


do-E Ce 7 oy? x3 
Role Cee 3 a Las ee: 





For the first of these we have ou COM is the and Jim (Ope = ik 


EXAMPLE 4, 
dy y—«x 
dx y 





The quintic reduces to y = 0, and (y — «)(y — 2u7) + 2ay3 = 0. 
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ABEL’S THEOREM AND THE ADDITION FORMULAE FOR 
ELLIPTIC INTEGRALS 


By Harry Huntinaron Barnum 


Tue addition formulae for the Legendrian elliptic integrals 




















1a) ate, 2) =[ , dz 
0 V(1 — 2) (1 — #22) 
z oe \ 
1b) E(k, 2) =|} pea 
0 vil — 2)(1 — h?2) 
# dz 
1c) II (n, k, 2) =f) ; 
0 (1+ nz)V (1 — 2) (1 — i?) 


are well known and have been derived in various ways. The object of the 
formulae is to give values for the expressions 


FP(k, 4%) + F(A, 29), 
E(k; 4) + E(k, 2), 
II (n, &, 2,) + I(n, k, 22), 
each in terms of a third integral of the same type, whose upper limit is an 
algebraic function of 2 and z,, with the addition of an algebraic or a loga- 
rithmic term in the second and third cases. 
In most of the elementary works on the subject the proofs of the for- 


mulae depend on the more or less artificial discovery of an algebraic solution 
of the differential equation 


dz, dz, 
g 9.2 nF 9 9.9 = 0 
(lee? leeaenet) OV (8) (Laie) 

















or upon somewhat complicated applications of Abel’s Theorem. The ob- 
ject of this paper is to give an elementary derivation of the addition formulae 
(103) 
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suitable for presentation to a beginning class in the subject, by a method 
which may serve also as an introduction to Abel’s famous theorem. 

A complete comprehension of Abel’s theorem as it is about to be stated* 
requires an acquaintance with the theory of functions of a complex variable, 
and in particular with Riemann surfaces. But the succeeding sections are 
developed independently of the theorem, its use being merely to indicate the 
methods to be used. Furthermore the lower limits of the integrals involved 
in the proofs are everywhere so arranged that only real expressions occur. 

For the sake of brevity the addition formula for integrals of the first 
of the three types (1) is derived from that of the third type by putting 
n=0. But the simple independent proof, quite similar to that of the 
third type can be readily carried through by the reader. 


1. Abel’s Theorem. Let C and C' be planecurves given by the equa- 
tions 
(2) Ge: F'(xy) = Uy 
fs Cc": p (xy) as 


ry = : a w= : . 7 na 7 A . a 

These curves have n points of intersection (%,,%), ++ + (®nsYn), Where n 

is the product of the degrees of C and C’. Let 2(x,7) be a rational function of 

wand y where y is defined as a function of x by the relation /(x,y) = 0. 
Consider the sum 


ny 
(3) dees >» “" (sy) dee, 
j= Y7o 
PLY 
the integrals | ¢(xy)dx being taken from a fixed point, (2%, Y) in the 
LY o 
Riemann surface of the function (2,7), to the n points of intersection 
(21, %1)> +++ (Ly, Yn) Of the curves C and C’. If some of the coefficients 
y, @y, ++ + w, of 6(x,y) are regarded as continuous variables, the points (2;,¥;) 
will vary continuously and hence / will be a function, whose form is to be de- 
termined, of the variable coefficients a), a, +++ ay. 
Abel’s theorem may now be stated as follows: 
The partial derivative of the sum J, with respect to any one of the coef- 
ficients of the variable curve ¢ = 0, is a rational function of the coefficients 
and hence J is equal to a rational function of the coefticients of 





*See Goursat, Cours d’ Analyse, vol. 2, §360. 
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d(x,y) =9, plus a finite number of logarithms or are tangents of such 
rational functions. 


2. A useful lemma. Before proceeding to the derivation of the ad- 
dition formulae a lemma* will be proved which will be of use later. 

Let f(x) = 0 be an equation of the nth degree with the distinct roots 
1, Ly, +++ X,. Also let #(x) =0 be any abitrary polynomial in x. The 
following identity can then be readily established, 


ol aes (id Arete A a, F(a) 
(4) Faas + ee Tone 


The integral terms are the quotient of x«/(x) divided by f(x), and the 
terms of the sum are the partial fractions to which the remainder over f(«) 
gives rise, If we set x = 0 we get 


z F(%;) 
oo EG 5 


from (4), Hence we see that ¢f F(x) is of degree (n — 2) or less, then 
k = 0, and the symmetric functions (5) of the roots must be zero. If F(x) ts 


of degree (n — 1) or more 
Si IEE EE®) 
J'(%i) 


es il 











will be equal to the term independent of x in the quolient x«f'(x)/ f(x), as is 
indicated by (5). 


3. The Addition Formula for Z(k,z). We proceed now to the 
establishment of the addition formula for elliptic integrals of the second 


type, 
Zz _ pre? i 

(6) E(k, 2) = | oN Maal 
o V(1 — 2) (1 — #2?) 


By the substitution 2? = x (6) may be thrown into the more convenient form 








se (1 — k?x)dax 
k = ; 
UD [ Vel — x) (1 — x) 


* Petersen: FPunktionstheorie, §39. 
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which is the Riemann normal form. We take now, corresponding to the curves 
Cand C’ of (2), the curves 

(7a) Cx y=xl—x)(1—hex), 

(70) Ce te 1-0. 


The elimination of y between these two equations will give us as the abscissae 
©, %,, #3; of the points of intersection the three roots of the equation 


(8) $(%) = — (14h? + a?) a 4 (1 — 2ab)2 —-P = 0. 
The function ?(x, y) in (3) is here 
1 — Arex 
R(x, Y) = a ’ 


where y is defined by (7a). We have then corresponding to the sum (on), 
the function 














x pr Ge (1 — hx)dx © Ws (1 — h?x) dx 
(2) Hat) = pa +f a eS 


Ip (1 — kx) dx 
+ 
1 Vae(1 — 2) (1— Bx) 


For the purpose of keeping the discussion in the real field the lower limit of 
the third integral is taken as 1/k? instead of 0. As however the integral 
between the limits 0 and 1/k? is a constant, this is not an essential alteration 
of the sum which occurs in Abel’s theorem. 

To determine the form of J(a, b) we take its partial derivatives with 
respect to a and b 


Oly Cl Cry arcl Ota ole cr. 
Bae exe Coe Mon, on oe creon 
(10) i 
ol — ey On, | Tian On, ha, 0X3 
Pe eos Y2 da Tp 0a” 











Since a is aroot of (8) we may substitute «,for « in it and take the deriva- 
tive with respect to a, noting that x, isa function of a. We find then 


: 0x, O0h(x 
p (x) 0 : rT ae = 0, 


a 
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the accent denoting differentiation with respect to a,. From equation (8) 
this becomes 


ox 
$'(%) a — 2(az, + b)x, = 0, 
or because of (7) 
Ox 
' (x1) = — 2yY,% = 0. 


Substituting this value for ee and the similar ones for ee and ss in= (10), 


ic Lee 9 2 0, 912 : Lg 
a » $'(@:) ea 


These sums are in the form of those in (5), where f(x) is the function $(#) 
in equation (8), and for the first sum /'(x) = 2, while for the second 
F(x) =x. Hence because of the lemma the first sum vanishes and the 
second is equal to the constant term 1//? of the quotient 2?/¢(~). We have 
therefore, 


we get 


al 
(11) a=? 


Similarly 
aI _ al de, | aL dx, a Om, 
Di SECM ate Chin 0x5. 6b 


3 1 ‘ 3 wt; 
(12) = 805 ayeny ie pues 


To find Z(a, 6) we now integrate equations (11) and (12). Equation (11) 
gives 





The derivative of this expression with respect to > vanishes because of (12), 
and hence (6) must be a constant. Consequently equation (9) becomes 


W) [ Vx(1 — x) (1 — k*x) “fl Vx (1 — «#) (1 — h?a) 


Ls; — 2 , 
+f (1 — kx) dx Seog eC: 
jueVech — 2) (le hx) 
ke 




















108 BARNUM [April 


where 2, 2), «3 are the abscissae of the intersections of the curve (7a) with 
the straight line (70), i. e., the three roots of equation (8). The formula (13) 
is in fact an addition formula for #(%, x), though not in the usual form. 

In order to transform equation (13) let us keep the intersection point 
(x3, 7/3) in figure 1 fixed, place (2, 7;) at the origin, and denote the resulting 





Fig. 1. 


values of 2, y, and a by a’, y' and a’ respectively. Then equation (13) 
becomes 
































@5 (1 — k®x) dx ae ze (1 — kx)dx Stel 
Vl ar Laie) OO MAC B eS Go Ie 
ke 
which substituted in (13) gives 
wy (1 — hx) da aa (1 — kx) dx 
0 Val ay (len), Joe Sey leeeo) 
a 1 — k*x)d 
( x) dx AG = Pigg 


Jo Ve(1 — x) (1 — Re) 
the usual form for the addition theorem. 
It remains only to express 2 and a’ — a in terms of x, and #. Since 
1, 2, Xz are the roots of equation (8), we have 


De 1 — 2ab 1+ . 
(14) xx203 = za ahs + 3% + LyLo= roa + % + X= a 
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from which we find, when x, = 0, 


(15) 523 0 henyeees gee i) Oi BBE 
a! 


Wa,’ 


From equations (7b) and (14) 


he Sy Ca [1% 
ie aye Gs ci 











——, 


v3 








(16) Ls 4c 7 a’) @ ah kx") a 12x eye! 


=a! — RV x, x x’. 
From equations (14) and (15) 


i A ee 
ee See oe 1“2 


Way 





Since (2, y,) and (2%, y,) are on the straight line (70), the value of 6 can 
be found from the equations 


Y= 0%, + 0, Yo = aX, +O. 
We have then 
Ae BEY 2 ay My 1 — xx, 
% — Ue LyY2 + Loi 

where the second form is found by rationalizing the numerator of the first by 
the help of equation (7a), which (2 ,¥,) and («,7,) also satisfy. The final 
expression for «’ is therefore . 

L(Y. + Uoy/1\? 

poe 2 2/1 

CH, ae ey a ) ; 





The addition formula for Elliptic integrals of the second type in the Rie- 
mann normal form ws 
ze (1 — k®x) dx ®p (1 — hx) dx 
omy Glee) (lo ee onVe( lax) (le hea) 


= iF Cea ope 
Jo Vx(1 — 2) (1— Pa) Site 


(18) 
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where «! is defined in terms of x, and x, by equation (17). The addition for- 
mula for the Legendre normal form can be found by transforming the varia- 
bles in (17) and (18) by the substitution « = 2’. 
It follows that the addition formula jor E(k, 2) is 
ef (1 — k*2*\ dz \ % (1 — k2*) dz 
0 V(1 — 27) (1 — #2?) 0 NGS Wal Sy525) 
od (1 — h®2?) dz 
Jo vil — 27)(1 — #2?) 





(19) 








Dy wl 
4+ kz, 252" 








where z' is expressible in the form 








I _av(l = 2) (1 ma ee) cee ees eee el 


Ne eel 
t — kh 1&2 





(20) 


The addition formula for the usual trigonometric form of H(k, z) can be 
readily found by making the substitution z= sin ¢ on all the variables in 
(19) and (20). 

4, The addition formula for II(n, k,z). We proceed now to the 
treatment of elliptic integrals of the third type, with the help again of the 
Riemann normal form. We take as the curves Cand C’in (2) the same 
curves (7), the function 2(, 7) being in this case, however, 

R a 1 
Me ATah SL ieayi 


The sum analagous to that occurring in Abel’s theorem is here 


B a da a da 
Or) A) ee raat oes + | Gwe 
+f da 
Ja (1 + ne) Ve(1 — x) (1 — Rx) 




















The partial derivatives of /f with respect to a and 6 are 


oh of ox, CLT Gita CK 0x, 
Od | <00] Car) 0%, cd mor, 0a 








(22) 


3 i 
ce > (1 + nx,)$"(@i) 
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_In order to apply the lemma in (5) we take 
FAM GA) emery 
f(z) = 1(1 + ne) (@ — a) (w — &) (w — 5), 
with the roots — 1/m, x,, x, «3. We have then 
1 
“. F'(«;) n 


ZF) ~ Fens ares +x )G +) Perris 


According to the lemma this sum must be zero, which gives us 














—n 
SS (1 + rane (x;) ~ 1 + nx) (1+ nxz) (1 + naz) * 


Gest 
The substitution of this value in (22) gives 
Wk » — 2n 
loge (tine) (let na) (nas). 
This may be written in the form 


On = 2 
Om eter n (aber, x) on (rye, bir + et) nee, x, | 





The application of the relations given in (14) reduces this to 


ol ==), 
>) da 





ie 
Ge Inbar Leta ke in nb 


In a similar manner, by using /’(#) = 1 in the lemma, the value of 


(oN Oe 
A is found to be 
oly on 


M08 sano an le ha =e =a 








The integration of equation (23) can be effected by the use of a table of 
integrals. If we confine ourselves to real variables, there are two cases ac- 
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cording as p = (1 + n)(1 + #/n) is greater than or less than zero. In the 
former case, we have 








2 
(25) p> 0, SiGe yp are tan = nee ee 
For the latter case, 
26 NE ete era I og 
7 — ——_—. loo < 5 
( ) p< ’ 1 ice one ee 


By means of the formula 








7+ 2 . —— 
arc tan « = —~ log = » t=V-1 

re tan & = —— log —— Vv 

the two cases could be treated simultaneously. As it is our object however to 
keep the discussion in the real field the two cases will be treated separately. 


Differentiation of equations (25) and (26) with respect to 6, gives us 


ol 2 
= = n 7 + f'(b), 
ny?—2anb+n4+14+h+4+ a4 a 





and comparison with equation (24) shows us that /'(b) =0, and hence 
J(6) = C in each case. 

From this point the work will be carried through only for the function 
(25), since the method is the same for each. Equation (21) then becomes 




















dic os dx 
am [ (lt ne) V¥a(1 — 2) (1 — bx) rede nxt) Je(1 — ©) (1 — kx) 
7 +f" dpe EE Ae eae Cs 
A (1 + na) ye(1 — @) (1 in) VP VP 


Placing the point (2, y,) at the origin, and using the notation of §3, we find 
again a value for the third integral in this expression : 
dx e a da 
Eel nc) Vol = 2) (len) 0 (14 nx)Va(1 — a) (1 — ne 














CPt vasa, (87 


“Wp VP 


1910] ELLIPTIC INTEGRALS 113 


Therefore (27) becomes 
ay dx @s dx 

4 dx 2 

= || ike Vegan) (Laies) ave 


The trigonometric formula 











n a a! 
are tan + arc tan =|: 
vp 


VP 











arc tana + arc tan 8 = arc tan eae 
1—a8 
reduces the term outside the integral signs to the following form : 
— ! — » J 
are tan ee = = + are tan “= are tan vp(nb —a+ a’) 
VP VP p —a'(nb — a) 


The substitution of the values of a, a’, and 6 from (14), (15), and (16) 
and the division of both numerator and denominator by the common factor 
(n + kx!) gives as the final form of the addition formula of Elliptic inte- 
grals of the third type in the Riemann normal form, when p > 0: 





























ir dic rs iP dx 
0 (1l+nx)Va(1—«x)(1—Rx) Jo (14 nx)¥u(1 — x) (1 — Px) 
a" dic 
=| (1 + new) Vx(1 — &) (1 — Pe) 
+ ies arc tan vp ny ta : 
VP jl Bogner nV'2040¢ (1 — x')(1 — hx’) 


where x! is expressible in terms of x, and x2 by equation (17). 
The substitution « = 2 as before gives us the corresponding addition 


formula for the Legendre form : 
ie dz +f dz 
» (1+ nz”) (1 eee ae (1 + nz?) va — 2) (1 —P2) 








dz 


=i} (1 + na) V1 — 2) (1 — #2?) 


1 
+ —— arc tan 
VP 








Vpnzzo2! 


ee nzyzV (1 rey (eh) 
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where the expression for 2’ in terms of z and z is given in (20). 
A similar treatment of the case where p < 0 brings us to the forms: 


e dx *e dx 
i (1 + nx) Vx(1 — a2) (1 — Px) +f (VA naa (lee) (leer a) 
sa dx 
(1 + nx) Va(1 — x) 1 — Pe) 


1 a ny/x0,(1 — a’) (1 — Aa’) — (1 4+ na’) — V — pnVx,aq2! 









































+ ss 
ea PEAY Hig (L) ae) (leery (leer Pes =p nVagee!, 
and 
i dz i) we dz 
o (1+ nn’) V0 — 2) (1 — B2) o (1 pine") y (ee) 0 Se) 
dz 








(1 + nz*)/ (1 7s 2) wee R22?) 





1 lige nzy2V (1 — ZY (1 — Big (1 + nz) —\/ — P Nz 22! 
* 2p ” nzy2,V (1 — zl) (1 — hea et & + nel) 4 V — pnz 292! 








As stated at the beginning of the paper, the addition formula for 
Elliptic integrals of the first type may be found directly from those of the 
third type by putting 2 = 0. From (23) and (24) we see that if n = 0, then 
ix(ab) is a constant, and hence the addition formula for Elliptic imtegrals of 
the first type reduces to the simple forms : 




















| da Fi 2) dx ate ; dx 
Aad — x)(1 — fx) 0 va — x)(1 — A*x) 0 Va(1 — x) (1— hx) : 











pee Dlemeses ie R22) =f Sas’ 


where, as before, x’ and 2’ are related to x1, x, and z,, 2, respectively by equa- 
tions (17) and (20). 
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ON THE DETERMINATION OF THE ASYMPTOTIC 
DEVELOPMENTS OF A GIVEN FUNCTION 


By Watter B. Forp 


1. Introduction. The determination of the asymptotic developments 
of a given function is usually a problem of considerable difficulty and, when 
regarded in a general sense, is one for which but fragmentary results exist at 
the present time. The known determinations appear to be either those for 
special functions such as Bessel’s function J,(z)* or for certain types of inte- 
gral functions defined either by infinite products or by Maclaurin series. t 
The importance of such developments is, however, well known. In particu- 
lar, if f(z) be an integral function of z defined by means of a Weierstrass 
product,t the point z = « willin general be essentially singular and there 
will be no direct means of determining the behavior of 7(z) in the neighbor- 
hood of this point since the given product is not adapted in form to the study 
of the function when |z| is large. Such determinations are often important 
and are supplied as soon as the asymptotic developments are known. Like- 
wise, asymptotic developments in general supply information regarding the 
behavior of functions in the neighborhood of the point infinity. 

She problem, when stated in a precise form and in the one which 
we shall understand throughout the present paper, may be described 
as follows: Let /’(z) be a given function of the complex variable z defined 
throughout the finite 2 plane and such that (@) the point z = « is an essen- 
tially singular point; and (6) when |2| is sufficiently large and arg z lies with- 
in some specified sector A there exist two functions f\(z) and ¢,(z), defined 
for values of z in A and such that for the same values of z 








: 7 a Ag O Baca Ay + w AG 
(1) B(2)= fi(2) + py (2) [aon + ae pete JP ee = ( ‘| 


2 pl 








*Cf. Lommel, Studien tiber die Bessel’schen Functionen § 17 (1868). 
+Cf. Barnes, Philosophical Transactions, Vol. 199 A, pp. 411-500 (1902); also Vol. 
206 A, pp. 249-297 (1906). Each of these memoirs contains an excellent bibliography of the 
subject. Cf. also Mattson, Contributions a la Théorie des Fonctions entiéres. (Thése) Upsal, 
1905. 
t Cf. Picard, Traité d’ Analyse, Vol. II, pp. 140-143. 
(115) 
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where Qj, “1,9 *** %n,, (n arbitrary) are constants and 


Am n(2)= (ee 

To determine the functions f, (2), $,(2) and the constants a), 5 %, a5 °° * %, re 

In the present paper it is proposed to show how the so-called Maclaurin 
sum-formula may be used in some cases to solve the above problem.{ For this 
purpose we shall apply the formula to a variety of special functions F(z). 
No attempt will be made to obtain theorems of great generality, the belief 
being that a few illustrations will suffice to enable the reader to apply the 
method wherever possible for himself. In each of the cases considered only 
the functions f,(z), $,(z) and the first one of the constants @,,, Gas *** Gna 
which is not equal to zero are determined since these three determinations 
constitute what is essential to the study of the behavior of the function for 
large values of |z|. The method, however, permits equally of the determina- 
tion of a,,, when n = 0, 1, 2,3, ---. 








2. The Maclaurin Sum-Formula. The formin which we shall take 
the sum-formula above referred to is as follows:§ Let /(#) be a function of 
the real variable « which together with its first 24 derivatives ( 2 1) is finite 
and continuous throughout the interval « 2 0.|| Also, let 





*It may be remarked that a function F(z) may frequently be written as a linear combi- 
nation of expressions of the form (1) when |z| is sufficiently large and arg z is properly 
chosen, as in the case of Bessel’s function J (z)(cf. Lommel l.c.). In such cases the result- 
ing development is likewise said to be asymptotic, but in the present paper we shall confine 
ourselves to the primary form (1). 


+ Frequently the proof of the existence of (b) constitutes a separate preliminary problem. 
This is the case for the functions considered in the present paper where both the existence and 
determination of the developments (1) are considered. 


+ This formula likewise constitutes the central feature of the method employed by Barnes 
in the first of the memoirs cited above (l. c. p. 444). The formin which it there occurs is 
essentially different, however, from that which we adopt, the latter appearing preferable be- 
cause it takes into account the remainder, thereby rendering possible a greater degree of rigor 
and clearness in the deductions; also because certain restrictions present in the former case may 
be dispensed with, reference being here made especially to those imposed upon $(z) (1. c., $41). 


§Cf. Markoff, Differenzenrechnung (Leipzig, 1896), pp. 98, 99, 132. Throughout we 
shall take h = 1. 


|| No conditions are explicitly stated by Markoff as regards the function f(x), but it ap- 


pears from the analysis of pp. 112, 113, 114 that the conditions which we here impose are suffi- 
cient. : 
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t@ a t7—-1 yi 1y—-2 4 
ONE iG = yh OC, 2 as eet 
where Fae ey Feb rem 2a Wea San Cicer 
Be ae) Sees 
and ea Sayles 


B, representing the qth Bernoulli number. 
Then, whenever the series 


n=o 1 
= (2h) a = 
(2) TAG SD [yr (m + n — t) by,(t) dt (m Za) 
converges we may write 
x=m—1 ap 
8) >) Ho) C+ [F@)de + Af) Anf (m) + AGP (m)+ + 4 


+ Ag, 9 f%—9(m)+ O;,(m), (a2 0) 
where C%, is a constant (independent of m) defined by the equation 


Op = —LAyf(a)+ Aa f(a) + Ayf(a) +++ + Area f #9 (a)4+ O4(a)]- 
For the important case in which & = 1 the formula becomes 


x2=m—l1 


(4) > ef (eae. + [7a —4$f(m)+ O,(m), 


where C=3f(a)— (a). 


8. Application to the Study of Asymptotic Developments. 
Example 1. To obtain asymptotic developments for the function 


n=2D i) 
P@)= 2 Gala? 


We here choose a function which, by virtue of the well known formula 
n=n 1 


tan 2 
“22 = Gn Ely ee, 
Eas Mew AS Oa as — Z@ 
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may readily be evaluated in the form 


€ 
Fa=2 Te me Te 
Cue ien 
thus enabling us to compare the results obtained with known facts. 


Considering at first that z is real but different from zero, let us place 


ea 0. 





1 
SF (@) Zee re 1)? + 32? 


Then the series (2) is convergent. In fact, upon observing that ¢.(¢) is 
negative for all values of ¢ between ¢ = 0 and ¢= 1, we may apply the first 
law of the mean for integrals and write the nth term of the series—viz. 


[ro +n — t)d,(t) dé, 


where the indicated second derivative is with respect to m — in the form 
1 
fO(m +n — a) | by (t)dt = — 3 f(m + n — 8) (Qi-G kas) 
0 


from which the indicated result readily appears. 
Likewise it appears that the nth term of the series (2) approaches the 


limit zero when m = o and hence that lim 0, (m) Sl). 


Upon employing formula (4) and placing m= o ; also noting that 
lim f(m) =0; we thus obtain 





b 1 dx 1 
s @-) Geis Paes) | 
where aire 
6) R@=-M%0)=— 2 [Slecpzal} 20% 


2=n—t 
We note also that since each term of the series (5) when multiplied by z van- 


ishes when zg = + ©, we shall have | oe Java 
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Moreover, if in particular 2 is posctive we may write 


1 dx po ee 
; Gees al Me 


so that for large positive values of z we obtain 








ee ge ian | 
z | See a 8 


T z 
(6) F(z) = ac + a) ; ees e(2) = (0. 

This last result may now be generalized to all values of z, real or complex, 
lying in any sector A whose vertex is at the point z = 0 and whose bounding 
lines lie within the right half of the z plane, the neighborhood of the point 
z = 0 being always understood to be excluded. To see this we first note that 
the series appearing in (5) not only converges, as we have indicated, for values 
of z which are real and different from zero, but for all values of z in A the 
convergence is likewise seen to exist and to be unzform. Moreover, each 
term of (2) is analytic throughout A. ‘Thus it follows that #(z) is itself 
analytic in this region.* Whence, by taking A so large that it includes the 
portion of the positive real axis in which (6) holds, the two members of the 
same equation come to represent two functions of the complex variable z, 
each analytic throughout A and coinciding when z is real, and therefore coin- 
ciding throughout A. Furthermore, since for values of z in A each term of 
A(z) when multiplied by z approaches , it fol- 
lows that ee zf(z) = 0 from which we conclude that for the same values 





of z we may write ries ee —.0. 


On the other hand, when z is real and negative we obtain in like manner 





VE a ee ~ + ae) : ne e(2) =e e(z) = 0 


and by reasoning as before we find that this equation holds true for all values 
of z (z= 0 excluded) within any sector lying in the /e/¢ half of the z plane, it 


being understood that eeu is then replaced by | lim 


i || Tee 


Thus, in summary we reach the following eet : 


T 37 
Sieg cdl =O, Pees pac) 


T T 
According as — Dae Jel ans : 





+Cf. Osgood, Encyklopddie, II 2, p. 21. 
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being arbitrarily small and positive, we may write when |z |> 0 


Oi 3 jim (2) =0. 
— E = (2) | 


For the two sectors above mentioned the function #'(z) thus possesses 
asymptotic developments for which, in the language of §1, we may take re- 


spectively f(z) = 0, di(#) = 1, G1 = 9, 11 = “ and f2(2) 

do ( 2) =) 1), 252 0,2 — - In case more of the coefficients a, or 
a,2 are desired they may be obtained by using larger values of #& in ap- 
plying (3). 


4, Example 2. The preceding result may readily be generalized as 
follows: Let 


n=O 


(7) F@=> ae ey 


nm ='0 


where 2,, #, When considered throughout the continuous domain n 2 0 
are such that (a) both are continuous; (b) both possess continuous first and 
second derivatives which remain less in absolute value than a constant ; 


n 


: i 
rie see constant, p being a constant > =; (d) 


(c) lim xe =—+ 0 , ; 


n=® 








| Hn| < @ constant. 


The immediate application of (4) then shows that when z is real but dif- 
ferent from zero we may write 


pdx i 
P(2)= fetes apa t PO 


where ee zR(z)=0. If we now add the fifth hypothesis that (e) 


for all mites of n sufficiently large (n 2 ny =a constant) the first deriva- 
tive r!, of X, shall be positive and always greater than a constant different 
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from zero, it appears directly that the integral 


© pyle 
» Apt ez 


will vanish like : when z=+.0. In fact we shall then have 


[ © beg hG [ ™ pw dx A | ~ flO 
om Netta? om Aa te Onaga te. 


of which the first term in the second member vanishes like 














when . 


> 
Ry 


2= +0, while the second may be written in the form 


/ 
OL Rade = are tan ie 
fig, Np Oe 





[Hn | 


a 


where Z is the greatest value taken by ——— 


—1<é@<1l. 
In particular, when z is positive we may therefore write 


F(z) = {4 A e(#) | serene (2) 0 


when n 2 nm and _ where 


where 
ee] a 
ih : pb dx 


a= ; ; 
Z=+o0 0 nr - 2 





We may now carry out the generalizations of this result as in the pre- 
ceding example, thus reaching the le conclusion : 
7 om 
According as— +0 Sargz= 5 Sill NG Ba ee MR Ree oak Eas 


being arbitrarily small and positive, the function F'(z) defined by (7) may be 
put into the form 
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it being assumed throughout that |z| > 0 and that the above indicated condi- 
tions (a), (b), (c), (da) and (e) are satisfied. 
This result is evidently of especial value in all cases where the integral 


Opp he 
0 Apt? 


is either known or is capable of easy calculation, as in example 1. 

It may be added that in order to be assured by the method that the func- 
tion «(z) is developable in the precise form called for by (1), where n is 
supposed to be arbitrary, it would be necessary to extend condition (6) to 
derivatives of all orders. 

5, LHxample 3. To obtain asymptotic developments for the function 

n= 2-4 * 
P@)= [1 [1 +5]: 


Dia 
As in example 1, this function may be evaluated beforehand and is equal to 
e7™* pau e— 7 


272 ; 


thus furnishing a check on our subsequent results. 
We begin by writing 


r=D 


2 
(8) log F(z)=> log| 1 + ol 
(ih 


n=m—1 n=m—1 


=| » log (n? + 27)— 2 >) log n|. 


n=! i 
From the familiar asymptotic expansion for log }(m — 1!){t we have at 
once 


(9) AS log n = — 2 log} (m— 1)! 


= — log 27 — 2(m — $)log m + 2m + @,(m) ees @,(m) = 0- 


We proceed to apply formula (4) to the first summation in the last mem- 
ber of (8), taking for this purpose /(x) = log(a? + 2%) and supposing for the 





* Cf. Barnes 1. c. (first memoir) § 50. 
+ Cf. Bromwich, Infinite Series (1908), §179. 
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present that z is real but different from zero. The formula may be applied 
since the series (2) becomes 


Q,(m) aS: [iz log (a? + #)} f(t) dt 


n=1 ez=m+n—t 


and this is readily seen to be convergent when we apply the first law of the 
mean for integrals to its nth term (cf. example 1). Likewise we see that 


set O;(m) = 0. 


n= 


Formula (4) thus gives 


n=m—1 a 
(10) SS log(n? + 27) =|) log(m? + 2?)dm — $ log(m? + 27) + O\(m) + 
i I I 
7 + $ log(1 + #)+ R (2) 
where 
nr=@® Tl da 
Sas wee ee +) 0% 


By combining relations (8), (9) and (10) and then making use of the 
relation 


ii log(m? + 2)dm = m log(m? + z?) — 2m + 2z are tan— 
1 
— log(1 + 2) + 2 — 2z arc aie. 
Zz 
we obtain 


log F(z) = — log 27 — $ log(1 + 2) — 2z arc tan : +24 R(z) + 


m=ow 


: 7 
lim | cm = $)log(1 af =) + 2z arc tan “ + @,(m) + O(m) |; 
Moreover, we have 


lim ¢4(m)= 0, lim ©,(m) = 0 


m m= 


ij Pe: 
im (m — $) log(1 +=) = Q, 


m=o 5 
and, supposing at first that z is positive, we shall have 


li 


: m 
M 9 arc tan — = 72 
m= oO : bey 
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and hence 
(12) log F(z)=-— log 27z+4 mz —4 log (1 ws 3) oo (1 — zarc tan :) + f(z). 


This result may now be generalized, as in example 1, for all values of 


z (2 = 0 excluded) for which — 5 +neEargz= aA +n, and for such values 


it appears directly from (11) that ae f(z) = 0. Also, for the same values 


of z we have 
lim log(1 ae =) = 0, lim (1 — z arc tan :) =a). 
Z 4 


|2| = |z| =a 
and hence 


log F(z) = — log 2az + mz + (2) 5 jim 4} (2) —=20. 


|2| =a 


On the other hand, when z is negative we have, instead of (12), 
1 1 
log F(z) =—log(— 2mz) — rz — 4 log(1 +3) +2 (1 — zare tan 5) + f(z). 


Thus we reach the following result : 


7 37° 


TT 


According as — 5 +n=eargz= 5 —n or 


n being arbitrarily small and positive, we may write when |z| > 0 


ev | 
ong | 1 + (2) | am 
Ie) = ce poee(ey 0, 


e- 7 


6. Hxample 4. In generalization of the last result we shall merely 
point out certain consequences of the method as applied to the function 


' N= ye 


where A,, when considered throughout the continuous domain n = 1 satisfies 
the following conditions: (a) never vanishes; (b) is continuous; (c) has 
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continuous first and second derivatives which remain less in absolute value than 


; r 
a constant ; and (d) lim oe = COnStaTL “hel: 


n= 


We begin by writing 


n=m—1 


: n=m—1 
(13) log F(z) -Jin| Ds log (Xi, + 2) — 2 pe log | ‘ 


(ici n= 1 
From (4) we have 


n=m—1 


(14) -—2 > log Ae te -[ log X,dm + log A, + @,(m) ; ae o,(m) =0 
i 
where 


n= 


1¢ q2 
(15) c= — loghr, + 2 > [ | a3 98 | g(t) dt. 
Hyves r=n—t+1 
Again, if z be real but different from zero, the application of (4) to the 
first summation on the right in (13) gives 


n=m—1 


(16) >> log (A, + 2) =/| log (Aj, + 2)dm — $ log (Aj, + 2) 


a 


+ O,(m) + $ log (A, + 2) + R(z); J 0,(m) = 0 
where 
(17) ee SS fits log (A, + @ p(t) dt 

Oe | galesOe+e)) spa 


Moreover, by an integration by parts we obtain 


(18) | log (XN, + 2)dm = mlog (Ay + 2) — log (Aj + 2’) 


™ Mr», am 
1 es Sa 
where Xj, denotes the derivative of X,, with respect to m. 
Let us now make use of (14) and (15) in relation (13) and subsequently 
expand by means of (18) the second term in the second member of (14) and 
the first term in the second member of (16). 
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Upon placing m = ~ in the result we obtain 


mnr,,din 


mOL nee 


leo) 
log F(z) = WH — $log(j 4+ 2’) + 228 f 
I 
where A = c + 2 log )\y. 
If we now introduce the additional hypothesis that for all values of n 
greater than some constant ny we shall have Xi, 2 0, we find directly in the 
manner already indicated in example 2 that according as z is positive or neg- 


ative we shall have 


r — log 2y2 z ; 
log F(z) 2! Ki —logz+ 2az+e(2) | jim 


e(z) = lim ez) = 0 


i — log(— 2)— 2agz —e(z)* *=+” ee 
where 
(19) Pee elim 2 ae 
2 2=-+o@ OM fi 2”) 


and, if we now proceed as in the previous examples, we may generalize this 
result into the following : 


< ee 
+ 2 = a9 25> Ns 


. a Th 
According as — eS 0 5 


6 


Tv 
2 
n being arditrarily small and positive, we may write when |z| > 0 

a,e%* 
| e [1 &y e(2) | 

, lim ae. 

|) — ayenm? ; PEO) ae 
[1.0] 


where a, = e* and ag are constants. 
As a noteworthy special consequence of this result, obtained from it by 





making the substitution z = ¢z (¢= V — 1) and expanding the resulting ex- 
ponential functions by De Moivre’s theorem, we note the following: 
Let ®(z) be any function of the complex variable z expressible in the form 


n= «0 2 
(2) = TT baad 


in which X, when considered throughout the continuous domain n21 satisfies 
the following conditions: (a) never vanishes; (0) is continuous; (c) has 
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continuous first and second derivatives of which the first eventually becomes and 
remains positive, while both always remain less in absolute value than a con- 


im » : ; 
stant; (d) lim “ — q constant different from zero. 
r= n “ 
According asn sargzs=au—7 or —wT+nearg2 2—7,7 being 
arbitrarily smull and positive, we may write when |z| > 0 


= [sin a,z — 7 COS agz][1 + €(2) | 
D(z == <« 5 lim e(Z) = 0 


j2z\(=2 
— [sin agz + ¢ cos agz][1 — €(z) | 


where a, and ay, are constants. 

7. It will be readily perceived that the method employed in the preced- 
ing examples has a wide field of applicability. While we shall not attempt to 
carry the subject further, it may be noted that information may, in general, 
be thus obtained concerning the behavior for large values of 
tion /(z) defined by a series of the form 








of any func- 


~ 
« 


== DP 


Ae Se, 


n=a 
when, by taking / sufficiently large, it can be shown that the series 


N==.90 


+ 


1 Q2k 
O,(m) = > paee} ho, (t) de ; We a 


Ol z=m+n—t 


is convergent for all values of z in a certain real region, while for the same 
values of z it can be shown also that !1m Q,(m) = 0. In such cases we may 
Mm =o 


apply at once formula (3) after which, upon letting m=», we obtain an ex- 
pression for #’(z) which yields the desired asymptotic behavior when z is con- 
fined to the preassigned real region. By studying the properties of the same 
expression, we may usually generalize the result so as to obtain the asymp- 
totic behavior for one or more sectors of the z complex plane. 
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THE INTEGRAL ROOTS OF CERTAIN INEQUALITIES 
By W. H. Jackson 


1. Introductory. Let the residue, mod 1, of any number «x be de- 
noted by F(x). Let d be any number and £,f' be positive numbers less 
than 1. 

The following paper is concerned with integral solutions, Y, of the ine- 
qualities 

BSG G yeenp : (2) 

If d is a commensurable number, P/Q, P and @ being positive integers 
prime to each other, and all positive integral roots [ Y,]7=* less than @ have 
been found by trial, the complete solution is given by 


Vesey ey Se enouEG: (2) 


That is, the series of roots of (1), arranged in order of magnitude pos- 
sesses a period Q. 

If d is not a commensurable number, this period disappears but is re- 
placed by a quasi-periodicity, the regularity of which is marred by gaps at 
certain points to be found later. 

Further, even when d is commensurable, this quasi-periodic structure 
may be found within the regular period Y. This is illustrated by the following 
example : 


Let 3>F(Y z';)>H. (3) 
The solutions Yi, Yo,--- Y;, are as follows: 
ae ae by re Tie 5; 457.537) 6 
DSL Zl ers, 8 + Oya es 0 
EY BATE ON ee 2-84 Dy ee 
PA sep AE ile ii 25 25 Ost ty oO sm 
OO, O (gaposros. 25+ 84 Os dae nO 
44, 45, 46, 47, 25 + 2.8 4+ Bee ie As 


52, 53, 54, 55. 2-25 + 2, 3, 4, 5. 


The second method of arrangement shows clearly that within the regular 

period of 58(= 2-25 + 8) there is a clearly marked quasi-periodicity, like 

that with which the recurrence of eclipses has made us familiar. It seems 
(128) 
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hardly correct to replace the term quasi-periodicity by the shorter word peri- 
odicity because neither the period of repetition nor the group repeated is 
quite permanent. 
There is a primary group, 3, 4, 5, 6, to which the term 2 may be added, 
or from which the term 6 may be omitted, and this we may denote by 4,. 
There is a secondary group which we will call §,, which consists of 


the terms 
Si, S; aE 8, Si a= 2-8, 


where it is to be understood that the final number is to be added to each 
member of the group Sj. 
The final group S, which is, in this case of the third order, consists of 


the terms 
an Sq ee; fet, de POTS. 


This group is repeated with perfect regularity. 

It is the object of the present paper to develop a method by which this 
periodic structure can be studied in detail. Actually to exhibit this structure, 
built up of one period within another, by a system of formulas which in- 
cludes all possible cases is too complicated a result to be reproduced here. 

It is of interest to note that the results are not limited to commensurable 
values of d, 8 or £’. 

The solution of the present problem was attempted in order to answer 
questions raised by the paper on shadow rails which immediately follows it. 

The writer has found no references pertinent to the subject. 


2. Notation. As may be readily guessed, it is the expansion of d as 
a simple continued fraction which is the initial step from which all else follows. 
Suppose d to be expanded in a simple continued fraction as below. 
1 ih Test 


et AION coh ang are 


(4) 
where the a’s are positive integers, 0 < e, < 1, 
1 


Da ; 
An + Cn 





and e (5) 

The coefficients a, are most readily determined by applying the ordinary 
process for finding the highest common factor of two numbers to the numbers 
dand1. In the case where d is a commensurable number, P/Q, it is more 
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convenient to apply the process to Pand @. The equations thus obtained 
will be the same as those which follow, multiplied throughout by Q. 


Thus let 
d=a,-1+ w,, Ore 
1 = Wp = Ag: U1 + We, OF =n <7, 
W, == Ag+ We + Ws, 0 < Ws < Wo, 
Wn —2 = Gy Wn—1 + Wn, O< Wy < Wn—1- (6) 


The quantities w,, not considered in the usual treatment of continued frac- 
tions, are fundamental in the present discussion. * 

Let the mth convergent be denoted by p,/q,. Since this is obtained from 
the (n — 1)th convergent by the substitution of a, _,+ 1/a, for a,_}, it is 
easily seen that the following equations are true: 


Py=a-1+0, “mM=%-0+1, 
Px = °° Pit P, 92 = %-Mt+ 9, 
Q3 + P2 + Pry G3 = 43° Qo t+ M1, 


8 
& 
I 


Pan = % * Pu—i + Pa—2w In = Un * In—1 + Yn—-2° (7) 
Further, equations (6) may be put into the same form as those just written : 
—W,=a4:-1—d, 


Wy = Ay + (— W,) + Wo; 


— W3 = dg + Wy — Wy, 


(= 1)" wy = ay (— LE) ee tC by) ae en (8) 


Lastly, if in equations (7) we multiply each of the equations involving the 
convergents g, by — d and add to the corresponding equations involving p,, 
we find by comparison with equations (8) that 


(= 1)" wy, =p = dns 
or Gal = Par (lye ie. (9) 





* It follows by comparison with equations (4), (5) that 


€1 = Wi, €2 = W/W), . . - Cn = Wn/ Wn, WHENCE Wy = e1€0€3. ~~ En- 
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The mode of construction of equations (6) ensures that the quantities 2, 
form a sequence of positive quantities approaching zero as a limit. Equation 
(9) shows that they are fundamental in calculating the residues, mod 1, of 
integral multiples of d. 

It will be shown (Theorem #) that any positive quantity 6, less 
than 1, can be expressed as the sum of either a finite series or a convergent 
infinite series of integral multiples of the quantities w,. If in this series 
(— 1)"*! w, is replaced by g,, we obtain a corresponding series, divergent 
if infinite, such that if B, denote the sum of its first 2 terms , 


lim F(B,d)= 8. 


The converse process of finding /'( 4d), when B is given, will in general 
best be accomplished directly by multiplication rather than indirectly by first 
expanding B in a series of multiples of the convergents q,. 


3. The Fundamental Theorems. Let 0,, %,---6, be positive 
integers and let 


i= >, ba (10) 
or, what comes to the same thing, let 
d 2 Beth] a Sa apes €ih) 
THeorEM A. <Any positive integer can be uniquely expressed as a series 
(10) by means of the inequalities . 
mti> B, 29. (12) 
Further, the coefficients, b, so determined satisfy the inequalities 


Ox hen. 4D, —O, pw 2.0; 
Oh ia Ti a Oi Tae a ee ee eS 


An+2 = Deen 
and Onze —12 On41 


IV. {IV 


If inequalities (12) hold good for B,, it follows from equations (7) that 

two cases arise in which either , 
(1) Cy ee a= Gai U a (15) 

or (ii) Gy aa Dae, 0. (16) 

In each case assume that inequalities (12) hold good for B,_,. It then 


follows from (11) that 
On > Ba — OnGn = 0. (17) 
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That is, },, is the greatest integer contained in B,/¢,, and the coefticients 6,, 
are uniquely determined. 
In case (i), therefore, inequalities (15) and (17) give 


Qn+1 a8 In ma (oS =e 1); oe An+19n- 
Hence, from (7) 
An+17n 1g 1 = Onn = (Gn 41 pew 1) Qn 
that is Byes Cara: (18) 
Further, if inequalities (12) hold for B,_., we see from (17) that 
Yn—1 > By = Cone 1 = 0, 
and from a second application of (11), 
fee am An+19n = peti bs 25 = 0. 
From (7) and (15) (1 — 6,1) dn—1 > 9, 
whence Opa. (19) 
In case (ii), it follows similarly from (16) and (17) that 
An+1 Un > Onn oa = Mfc 
whence Q4,-126,20. (20) 
Equations (18), (19), (20) show that the coetticients 6, satisfy inequal- 
ities (14) when n #0. It follows directly from (7) and (12) that, also 
when n = 0, inequalities (14) are satisfied. 
Corollary. Conversely, if inequalities (14) are satisfied it follows that 
inequalities (12) are satisfied and hence that there is only one expansion of 


B,, in which the coefficients satisfy (14). 
The proof is as follows. Assume that 


Qn4+i> B, 2 0. 


If (Qn42—-1)26,4,20, 
(Gn 42 eT 1) Qn+1 S Dies Onee 4 = 0, 
and therefore nt+2—nt1 = Pri =9, from (7) and (11). 


If OU; bn 49 = Qn 495 
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from (11) Jaswig = On+39n+2 + By, 
and therefore OntsGnaaet Gna Phe >, 
that is An +3 > Bees > 0. 


That is, if inequalities (12) are true for n, theyare true forn +1. But 
from (7) and (14) it follows that they are true when n = 1. They are therefore 
satisfied for all positive integral values of n, which proves the theorem. 

It follows from equations (9) and (10) that 


Bd= SS bP» + De (21) "bpp. (21) 


r=1 r=1 
That is, the residue, mod 1, of B,d can be uniquely expressed as a series of 
multiples of the quantities w,, and the coefficients 6,, satisfy (14). This raises 
the converse question, can any positive quantity 8, less than unity be expressed 
as the sum of such a series, and so determine a multiplier B such that 


God) 20 


First it is necessary to consider the nature of the convergence of such a 
series. 


Let B,= (— 1)" + 10,20, (22) 
~%, 


Let the first odd and even coefficients which are not zero be 4,,,_,; and 
ba, respectively. 
Equations (6) enable us to write 


Wy > An+2Wn+1> (23) 


It is convenient to note the following consequences of inequalities (14) 
and (23), when use is made of equations (6). 


(i) is 2-1, 1 — wy > By > We, 
and if Siz lezee, Woy opto lan (24) 
(11) If wes-+1, — Wes41 > Bn > — Ws 1: (25) 


(iil) Se WOES [ote any 
Wp — Wr41 > (—1)"(8, = B-) > — Uri (26) 
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(iv) TE ota ee: 
w, > (— 1)"(B, — Br) > Wr — Wr 41> (27) 

(v) Tn all cases, eel = 
The above inequalities are written out for the case in which d is incommen- 
surable. When d is commensurable a sign of equality must be inserted either 
at the upper or lower limit. The limit at which it must be placed depends on 
whether the last a, which is not zero has an odd or even suffix. 

It is clear that the series 8, is convergent for all possible values of the 
coefficients ,, lying within the.limits prescribed by (14). 

Of the above results, inequalities (26), on account of their generality, 
form the best starting point for the expansion of any positive number less than 
1 in a series £,,. 


Let B — By = Bnrt (—1)"Pns (28) 
where Bo = 0 or Y faceording asygS< for @sl= 72) See 22) 
It follows from (22) and (28) that 

Pa + Patt = Onna (30) 


Inequalities (26) suggest the following as a means of determining the 

expansion (28) : 
Wn > Pn t+ MUn+1= 9. (31) 

Tueorem B. Any positive quantity B, less than 1, can be expanded 
uniquely in the series (28), if each positive integer b, vs determined for suc- 
cessive values of n, when possible, from the inequality Sor p, in (31) and is 
otherwise zero. Further, the values of b, so obtained satisfy (14). 

Making use of equations (30), we may write (31) in the form 


Wy > Onn — Pn—1 t+ Wn41 = 9- (32) 
These inequalities determine 6, as the least integer not less than 
(Pn—1 — Mn+1) | Un: 
Again, from (31), we assume 


Wn—1> Pn—1 + W, = 0, 
whence, from (6), 


(Gn 41 = 1)w, a Py a Wr +1 Se Wn — Wn +19 
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and, therefore 

G4+,—-126,2-1. (33) 
If Wn4+1 = Pn—-1 t+ Mn = 9, (34) 
b, as determined by (32) would be negative, — 1 in fact; we write 6, = 0 and 


in this case we find by a double application of equations (30) to inequalities 
(31) for p, 4 1 that 


Wy+i ? DAT Wnt =f Pn—-1 te Wn+2 = 0, 
which determines 6, , ; as the least integer not less than (—p, _1—™,, 49)/Wy, 41 
Further, from (34), 
20 41 >(On41 + 1) Wag — Mn + Wn +e ZO. 
Comparison with equations (6) shows that 
2 et On icy + ce An 42) Wn 41 = 0, 
that is b,, — 0, ere — An+e2 or On +2 age la (35) 
Hence if one value of p, is found satisfying inequalities (31), the series 
is uniquely determined for any number of terms greater than x. 
But when 8 < 1 — w, py = 8, and we have 
Wy > Po + UW > O. 
And when 8 = 1 — w, py = B — 1, and again 
; Wo > Po + Wy == 0. 
That is, the series is in all cases uniquely determined. 
Lastly, it is clear from inequalities (33), (35) that the coefficients 6,, 
satisfy inequalities (14). 
Corollary. If p, does not satisfy inequalities (31), it follows from (34) 
by the means of (30) that, since 6, = 0, 
Wy + Wy41 = Pn t+ Un41 = Wn: (36) 
4. Applications. As a half-way step towards finding the integral 
roots of inequalities (1), it is convenient to formulate the conditions for 


I Yd) zB, 
where 8 has the value assigned in (28). 
Let Y be expanded by Theorem A into the form 


Y= df, or: Ss (37) 
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n+m 


where Ve SS ONG a (eh >y Yr Ur (38) 
pt) r=n 
It follows from equations (9), that if 
m= DS (Ht yt (= 1)" aS K1yrtyw, — 69) 
ral Pern 
then FY O) =o a + (oh) Ons (40) 


where 7 is 0 or 1 as 7 is odd or even, as may be seen by referring to inequal- 
ities (24), (25). 

It follows from equations (6) that starting out from the critical value 
1 — w,, the interval from 0 to 1 is completely made up of the intervals separating 


1 — Ww, Wa, Wy, We >>» on the one hand, and 
Le 36;5 Lt, 1a, OMe tne OLuer. 

Two cases are best considered separately, in which either 
I, B<1—w, or Tie re 


I. In the first case, let 8 be contained in the interval w,,_ 9, From 
inequalities (24) (25) 


FYd)> 8, “if. t= 2k = lou, SOK ies; 


PCY) 8B, il 2h oe the (41) 
If 7 = 2u — 1, write 8 = bo,_1 Woy—1 — P2,—1, Where, from (31), 
Woy—1 > P2u—1 5 Woy = 0. (42) 


Lt Yd) = You —1M2u—1 — F2u—1>» 
where, from (26) and (27), 
Woy —1 > Foy —1 + Woy > 0. (43) 
It follows from (42) and (43) that 
Woy —-1 oNPavead ae Tx —1|= 0, 
whence, if? = 2u—1, #(Yd)2 8 according as yo, 1 2 04-1. ° (44) 
la b,. | ae ty an ee eee 
B = B, +(— 1)"(6, 41,41 — Pro) 
E(¥d)= By +(— 1)"(Yr 41M $1 — Sr $1) 
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Three cases now arise, in which 


(i) Wr41 > Prtit Wrie = 9, 
Wr41> Fri + Urs. > 9; 
whence Were Prati Op \> 0. 
(11) Ora =O; Wpaa + Wee = Prii + Wry eg Sra 
Ope ved Orman y wate ia = Tr 41+ Wr 42 > Os 
whence Prti— 41> 9. 
(ill) Ore Yi ny = Pra +, to =O, 


Yr+i1 = 0, Wr 41 -- Wy 49 > Oy 41 ob Wy 42 = Wr+19 


whence r41 — Pr+i> 0- 
Hence in all cases, when [y, = ae Yet Det; 
Ld ea ua) eps 2 (= 1) "Be 53. (45) 


II. In the second case, let 8 be contained in the interval 1 — w,,_,, 
1 —w,,4;. Results corresponding exactly to those just proved hold in this 
case also. 


Bel eo yet. ces Orsite, — ou — 1; 


TCV \ ie We 2h ik g. (46) 

If l= 28,) (Yd). 8 according as %, = dogs. (47) 
If [Yr = Oe)" ngs Ye $1 F Oras 

f( ¥d)2B8 according as (—1)"y¥,417 (—1)"0-41. (48) 


We are now in a position to solve inequalities (1). 
Suppose that 1— ~’=8{)+8,+ (-—1)" ph, (49) 


where £}, 8, Pn, 0},, Bi, have values analogous to those of yo, B,, Pr, 0,, B 
in equations (29), (28), (22), (10). 
Hurther let 6/ — 8 — pp". 
It now follows from (40) that if Y be any root of (1), 


eeu pee Fra) (Bue d) 18, + phen 
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That is BY + ping i > F(Y'd) > phyis (50) 
where Vie Veet ery, tea 
Consider now the inequalities 

Bo erie a0; (51) 


By making m large, as many integral roots as we please of (51) can 
be made equal to corresponding roots of (50) and can therefore be made to 
exceed a corresponding root of (1) by the constant B’,, 44. 

The solutions of (51) have been enumerated in inequalities (41)to(48). 
These formulas, therefore, provide the solution of inequalities (1). 

Let us now return to the example already considered, in which d =7/58. 
We obtain on applying the method of finding the highest common factor of 
7 and 58, the following equations, corresponding to equations (6) and (7). 


{ha NOY 6 ites BE rp ‘Dyas O14 O08 g; =0i O+1= il 
58 =8 .- hee p= 8 2 Or a=, Gy =e 14+0= 8, 
(be Ye 1, D, = bale Ora, 9g=3- 8412 95, 
y pcarery ce AR EE P= OR 5 lee AM Ma HY EST eo ate 
That is 
a 1 uf 1 
pegs Aas 
O98 W) = 1, 08 Wea 250008 We ee ee 
We find also that 


3 43.5 zy 
1s: 9 
Z = Te 0. We + Ws — 58° (53) 


Hence the roots of (3), less than Q, are to be found amongst the numbers 


Jo (ef 


[2, 3, 4, 5, 6] + (0, 1, 218 + [[0, 1, 2125, 
as may be verified by referring to the table of roots following (3). From 
(53) the number 2 in the first term only appears in conjunction with 0 in the 


namely, 
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second and 1, 2 in the third term. From (52), the number 6 in the first term 
is omitted when it would appear in conjunction with 0 in the second term 
and 2 in the third. From (14) only 0 in the second term can appear along 
with 2 in the third. Whence the number of termsis4-3-384+2—1—4-.2=29 
which agrees with the table above. But the general law of formation is more 
easily followed if we construct the inequalities corresponding to (51). 
In this case j 


iE 9 
BY = 5 = oe = dy — 0 my $+ 05 
From (52) 18s men (8 Pp Ve 56 1s 


1 mt 
9 — F(x 55) 0. 
The various groups are now as follows: 
Sj = Wis 205 40h Sj — Ont 250.) 
os = Si +[0,1,2]8, Si = sas 


S3 = S, +[0]25, 8; +[1]25, S| +[2]25, (54) 
whence 
Leo eee 
Oe LOS lsh 2 
Lite Wee, Ie OLY) 
Y—%= Y'=425, 26, 27, 28, 29\mod 58, 
o4, 30, 36, 37 
ZW Bay SoM Fl 
Ay ile Wan GBY, 


which is in agreement with previous results. 


The above equations (54) connecting S{, S,, S3; have been written out 
above, because, although it would take up too much space to exhibit the laws 


of formation of these groups in general, still those already given are quite 
typical of the results obtained in the general case. 

One other result which is a special case of another general theorem may 
be noted. The group S; is repeated 7 times in S3, and therefore its average 
period of repetition is 58/7, which is the same thing as 1/w,. It is also the 
same thing as 1/d, but 1/w, is chosen, because the theorem states that in gen- 
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eral, this average period is 1/w,, 1, where 0%, _, is the first coefficient in the 
expansion of 8" which is not zero. 

In conclusion, we shall prove the theorem which determines the smallest 
interval between two values of Y. Let us denote this smallest interval by L. 


Let api es fot! os iro. (55) 
If 8" > 1a, L = q, by (46). Otherwise, by (24),(81), 
8" = By, — 12,1 — Pin 1 (56) 
Also, by (41), (44) and (45) 
EY") = Yon— Wn —1 — Fon —15 bin —1 = Yon—1 2 O, (57) 


Two values of y,_ differing by unity must lead to values of Y! 
differing by g,— , and in general the converse is true. For, if the expan- 
sion in (57) has coeflicients satisfying inequalities (14), these ‘inequal- 
ities will still be satisfied when y,_, is increased by one, unless either 
Yon—1 = Gn OT Yon—1 = 9, Yon = Ggn41- The latter case is not possible 
when Y’isa root of (51). And hence Z = qy,_1 OF Yon according as 0, 1 
are possible values of y,,,_,, or not, when the other coefficients remain un- 


changed. 
When Yon 1 10 eg 
If, by making o,, _, smaller, we can make it possible that y.,_1= 0, 1, 
O54, 1 Wen —1 — Pin—1 > Wan —1 — Faq —3- 
That is, Baa 1 el OPM el ee pee is 
Both conditions are included if we write 
(ey SS Toby, op 
Hence the theorem that, assuming inequalities. (55) satisfied 
L=Qn—-1 OF an 


according as @"”> or = w.,—,. In the example already considered 


’ 


1 
Wy>1l—w,> 5 7 


and therefore Z = q, = 1. 
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THE THEORY OF SHADOW RAILS 


By W. H. Jackson 


1. Introduction. Ir is a common experience to view two sets of 
railings superposed: when this occurs there are generally to be observed 
darker vertical bands forming shadow rails on a larger scale. The theory of 
the formation of these bands is the subject of the present paper. 

Perhaps, however, the chief interest of the investigation lies in the fact 
that the discussion enables us to form a very simple model of the phenomena 
of group velocity, observed whenever one train of waves is superposed upon 
another train of different wave length travelling with a different velocity. The 
characteristic equation, (20), is obtained in Section 6. 

The theory will be simplified by supposing that the rails have no appre- 
ciable thickness, only length and breadth, and that they are uniformly spaced, 
all the rails of one set being in the same plane. 

There are no figures illustrating the present paper because it is so easy 
actually to produce the phenomena described and to do this is so much more 
useful than to rely upon drawings. Cut out alternate rows of squares from 
two superposed sheets of squared paper, cutting out less rather than more. If 
the sheets be separated and held some little distance apart and a dark ground 
be viewed through the slits made as described, all the phenomena to be dis- 
cussed can readily be observed. 

Let us suppose that the two sets of uniform rails are in parallel planes. 
Those in the farther plane may be replaced, so far as this phenomenon is con- 
cerned, by uniformly spaced rails in the nearer plane. In a given space L 
let there be n rails of the first set, n’ rails of the second set and WV shadow 
rails. By analogy with the theory of beats in sound, we see at once that 


N=n' —n. (1) 


For suppose that n’> mn, so that the distance between the centres of two 

consecutive rails of the first set is greater than that between two consecutive 

rails of the second set. The shadow spaces correspond to places where the two 

sets of rails have their centers nearly coincident and the shadow rails cor- 

respond to places where the rails of one set block the spaces of the other set. 
(141) 
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Thus in the distance between the centres of two consecutive shadow spaces, 
there will be just one more of the second set of rails than of the first set. If in 
any distance large compared with the distance between consecutive shadow 
spaces there are WV shadow rails, this must be the excess of rails of the second 
set over rails of the first set. But this is equation (1) put into words. 

This intuitive result leads us to expect the average spacing of the shadow 
rails to be entirely independent of the breadths of the two sets of rails: a 
result which a more detailed examination confirms. 

The following phenomena may easily be observed. As the observer walks 
past two parallel sets of rails of the same size the shadows travel along with 
him. If the two sets are not both vertical the slope of the more distant set 
relative to the nearer set will be exaggerated. But if the nearer set is much 
more closely spaced than the other both these results are reversed. 

If two sets of rails meet at a corner, the shadow rails appear to con- 
verge towards or diverge from one special spot according to the direction of 
motion of the observer. 

Finally, if the shadows of a set of rails cast on level ground by the sun 
be viewed through the rails the shadow bands are found to be curved instead 
of straight. 

The only reference to the subject which the writer has seen is an example 
given in Chrystal’s Algebra,* where the term ghosts is applied to places at 
which the rails appear crowded together. But in that case the rails do not 
overlap and the shadow rails here considered would not be visible. 

Although the theory of the present paper is limited to that case in which 
uniformly spaced rails produce uniformly spaced shadow rails it is not difficult 
to trace roughly what would be the changes introduced if the cross-section 
of the rails instead of being a mathematical line were arectangle or acircle. In 
these cases as the eye travels outwards towards the more distant portions of 
the railing, a point will soon be reached at which it becomes totally opaque. 
If the rails be replaced by equivalent flat rails, the breadth of these equivalent 
rails will increase as the eye travels outwards, until the spaces entirely 
disappear. 

It was the study of the phenomena here discussed which led to the theory 
of integral multiples whose residues, mod 1, lie within given limits, which 
forms the subject of the preceding paper. 








* Part II, Chapter XXXII, Exercises XXX, no. 7. 
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2. Notation. Let 2a be the distance between the centers of consecu- 
tive rails of the first set and let 26 be the breadth of each rail. Let 2a’, 20! 
denote corresponding magnitudes for the second set, when viewed in the 
plane of the first, and suppose that a is greater than a’. 

The condition that any space of the first set is entirely closed by a rail of 
the second set is that c, the distance between their centers, must be less than 
b'! — (a —b). Two cases therefore arise according as 0’ is greater or less than 
a—6. Only in the former case is it possible for shadow rails to be observed. 
In the second case, nothing but ghosts, places which are darker because the 
spaces between consecutive rails are narrowed but not obscured, will be 
visible. 

Let c, denote the distance of the rth rail-center of the second set from 
the nearest space-center of the first set and let the direction in which the 
counting proceeds be the positive direction. Then 


Cray=C —2(a—a@), provided that Cree ae (2) 


The co-existence of two consecutive values of c, each numerically less than a’, 
implies that 


! 


C= ha 0) and therefore a’ > $a.* (3) 


More generally, the problem to be solved is to find for what values of n, 
n' the following inequalities are satisfied. 


bf) +b-—azc+ Ina — 2%na2— (b'+b—-a), (4) 


where @ >c>—a@;,a>060,a>a'> 0’. 

The values of n satisfying (4) determine the numbers of the spaces of 
the first set which are completely blocked by rails of the second set. 

If we write now 


2a'Bi'=c— (U'+6—a), 2v”B=c+ ('+b—a4),d=a/a', (5) 
inequalities (4) may be written 
We epee Ore cs BF (6) 


n, n' being integers, and the problem is therefore reduced to that discussed in 
the preceding paper. 





*If ta < a! < ga, we should write c,.1 =c, — 2(a — 2a’). 
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But in that paper a detailed investigation was made whereas now it is 
only the simpler average phenomena which come under discussion. 

The general condition that shadow rails should exist can readily be 
written down as a consequence of the result proved at the end of the preced- 
ing paper (p. 140). Inthe notation there used we must find the condition 
that Z =1. A sufficient condition is that 

Oe) =a 
Oe ee meee (7) 
But this is not necessary if ¢,=4a,=1. In this case the required necessary 
and sufficient condition is that 


b' +b —a> a'wy. (8) 


3. The breadth of the shadow rails. The boundaries of a shadow 
rail are determined by rails of the second set which we shall distinguish by 
the numbers 0 and n, and which satisfy the following inequalities. 


O>b+b—-azZq> Gg: +>, =— (4 b— 2a) >. (9) 


Tueorem I. The boundaries of the shadow rails are formed by rails 
of the more closely spaced set. 

It follows from (9) that c is positive, c, negative. But co, c, refers to 
rails of the second set which just fail to cover the nearest space of the 
first set and hence the open spaces occur on the negative and positive 
sides in the two cases respectively. It was previously postulated that the 
direction of counting should be the positive direction and therefore the 
open spaces which adjoin the rails denoted by the suffixes 0, n lie on the 
side away trom the shadow rail. The boundaries of the shadow rail are 
therefore the boundaries of these two rails which belong to the second set. 

TuHeorEeM II. The breadth of any shadow rail differs from 


9 b/a + b/a’ — a'/a 
1/a'— 1/a 





by less than 2d’. 
It follows from inequalities (9) and equations (2) that 
q>b+b-azaq—2(a—-a’), 


~— 2(n—1)(a-—a)Z2— (U4 b6—a) > & — 2n(a— a’). 
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From this it follows that 
2(a—a')2q—(6'+b—a) >0, (10) 
2(a —a') 2 2n(a— a’) —q — (' + b—a)>0. GL) 


Therefore x — 1 is the greatest integer contained in 


O+b+b6—a 
2(a— a’) 


and, by addition of the two sets of inequalities (10) and (11), x never 
differs from 


bU+b-—a 4+ b—a’ 


a—a' els bd 


Tay! 


by more than unity. 
But the breadth of the shadow rail is 2na’ + 2b’, which therefore 
differs from 
a'b + ab! — a” 
2-5 
eG 


by less than 2a’, and this is equivalent to the statement made above. 

Corollary. It can be shown by the method of the preceding paper 
that the average breadth of a large number of consecutive shadow rails ap- 
proaches 2B as a limit, where 


bla + v/a’ — a'/a 
= Tea (12) 


4. The spacing of the shadow rails. 


THeorEM III. The average space between the corresponding boundaries 
of a large number of consecutive shadow rails approaches 2A as a limit, 
where 


With reference to the shadow rail next to the one already considered 
we may write, corresponding to inequalities (10), 


2(a—a) Ze — 2r(a— a’) + 2a — (0 + b— a) > O~ (13) 
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From (13) it follows that r is the greatest integer less than 


¢ + 2a —(b' + b— a) 
2(a —a') 


and from (10) and (13) together it follows that 
2(a—a') > 2a — 2r(a — a’) > — 2(a— a’). (14) 


Similarly, if the first rail in the Vth shadow rail after the one first con- 
sidered is denoted by the suflix ry, we have corresponding to inequalities (14) 


Na 


a—a 


1> —Try>-—l, 





/ 


from which it follows that 
lim. (oN \ 2 eee 
N=e\N} a—da' 
Therefore 





A lim ("v® aa! 
| N=ao\ N J a—a'? 


which is equivalent to the result stated above. 
Corollary. If n, n', N have the meanings used in equation (1), 
Theorem III may be stated in the form 


: won 
gin (=a )a4 (15) 


Similarly the corollary to Theorem II may be stated in the form 


lim (278 + 2n'b' — 2NB Hin 108 1 

N= Ib, rancor ( 6) 

That is, in any given distance the total space covered by the rails of the 

two sets taken separately exceeds the space covered by the shadow rails 

by an amount which depends only on n, n' and is independent of the breadths 
of the two sets of rails. 

5. Ghosts. If we seek to extend the results of the two last sections 

to ghosts, we must no longer compare the beginnings of two consecutive 

bands because in this case the shadow has no definite limits. But we can 
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pick out in each ghost one rail of the second set for which 
s(a—a’) 2c>—3(a—-a@) (17) 
and call this the center rail. 


THeorEeM IV. The average space between center rails of a large number 
of consecutive ghosts approaches 2A as a limit, where 


With reference to the Mth ghost beyond the one already considered 
$(a—a’') Z2c— 2ry(a—a') + 2Na>—t(a—c). (18) 
From inequalities (17) and (18) 
(a —a') > 2Na — 2ry(a —a') >— (a— a’), 


whence it follows that 





1 : 
ay pg ee oa 


From this point the proof proceeds exactly as in Theorem III. 


6. The effect of motion. The edge of a shadow rail always coin- 
cides with that of a rail of the second set. Hence if the second set moves 
with velocity v relative to the first set, the relative velocity of the edge of 
the shadow rail is in general equal to v but an instantaneous jump occurs 
whenever this shadow edge changes from one rail to the next resulting 
in a displacement 2a’. The space-time graph for the shadow edge is 
therefore made up of a series of steps. First a distance 2(a— a’) at 
uniform velocity v, next an instantaneous jump of 2a’, giving an average 
velocity V relative to the first set where 


av 
— (19) 


In the application to group velocity suppose two sets of waves super- 
posed of wave lengths X, » + 6A and travelling with velocities v, v + dv re- 
spectively. It follows from (19) that the group velocity is 


V= 





V=v—2X — ; (20) 
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Suppose an observer to walk with velocity 7 parallel to two sets of rails 
and at a distance from them of d and d' respectively. Let 2a, 2a’ be the 
distances between the centers of consecutive rails in the two sets respectively. 
Viewed in the plane of the nearer set, the second set are spaced at distances 
2a'd/d' and move forward with velocity 


emi ee ey, 
If 
a'd < ad' 


the shadow rails move forward with velocity 


a(d'— d) (a'—a)d 


Gian = oS geade Ce 
They always move in the same direction as the observer, but overtake him or 
fall behind according as the more distant set is more widely spaced than the 
nearer set or not. 

Le 


a'd > ad', 
the shadow rails are bounded by rails of the nearer set and move backwards 
relatively to the further set with velocity 


(d' — d)a'd 
(a'd — ad')d' : 


The velocity relative to the rails of the nearer set is given, as in the first 
case, by equations (22). 

Now let the observer approach from a great distance so that the ratio 
d/d' decreases from unity to zero. Two cases arise when 


b+ b>a4, according as ees (23) 


In the first case it follows, by replacing a’, 6! in Theorem II by a'd/d’, 
b'd/d' respectively, that the size of the shadow rails, viewed in the plane of 
the nearer set, continuously decreases as the observer approaches. Ghosts, as 
defined in section 2, will be observed when 


d a—b 
de a On 
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From Theorems III and IV it may be seen that the spacing of the shadow 
rails or ghosts, as the case may be, continually decreases whilst the ratio B/A 
increases towards the limit (6/a + 0'/a’). 

In the second case defined by (23) the shadow rails become infinite when 
a'd = ad'. From this point on, the effect of approaching the rails is much 
as in the first case. 


7. The effect of angular inclination. Let the slope, the tangent 
of the angle of inclination, of the second set of rails relative to the first 
set be s and let S denote the slope of the shadow rails relative to the 
first set. The open spaces common to both sets are parallelograms arranged 
in rows. When s is small the parallelograms are long. 

The results to be obtained in this section follow easily from those at 
the beginning of the previous section. The figure to be considered 
may be regarded as the space-time graph of the motion of the second set 
of rails relative to the first with uniform velocity s if the edge of a rail 
of the first set is taken as the time axis. Applying equation (19), the 
average slope of the shadow rails relative to the first set is given by 

a 


NS ror S- (25) 





8. The effect of perspective. When the planes of the two sets 
of rails are not parallel, the projections of the second set on the plane of 
the first are concurrent instead of parallel. As in the case just considered, 
the boundaries of the shadow bands may be smoothed out by a line joining 
the common points of a rail 1 of the first set and rail 1 of the second 
set, rail 2 of the first set and rail 2 of the second set, and so on. But in 
this case the line is not straight, but curved. 

Take as axis of « the vanishing line of the plane of the second set when 
the plane of the first set is the picture plane. Take as axis of y the straight 
line through the vanishing point of the second set of rails, parallel to the 
first set. The equations of the edges of the nth rail of the first set and the 
n'th rail of the second set may be written respectively 


©=2natc+tQd, (26) 
e= y(2Qn'a’ +c +0’). (27) 


The shadow bands will be more clearly defined in those parts of the plane in 
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which the angle between the two sets of rails is small. Such a region is 
that included between 


e=tay, (28) 


where a has some value such as # or }. 
The boundaries of the shadow bands may now be defined by writing 


n'—-n= N (29) 


and eliminating 7, n' from equations (26), (27) and (29). The equation thus 
obtained is 


Bere aay <9 ei, (30) 
ay a 

where 
ou cee _ ex? 








—— (31) 
Equation (30) represents a hyperbola with asymptotes 


ay=a,ex+(2N4+ OC) a=0. (32) 


The shadow bands are therefore bounded by hyperbolas with asymptotes 
parallel to the first set of rails and the vanishing line of the plane of the second 
set of rails respectively. The latter asymptote is fixed and therefore common 
to all the bands. It is that line for which the distance between intersections 
with the center lines of consecutive rails is the same for both sets. 

An important exception occurs when both the two sets of rails are paral- 
lel to the vanishing line. In this case the shadow bands must redute to 
shadow rails parallel to the given sets but they will no longer be uniformly 
spaced. For our present purpose it is sufficient to consider the case in whith 
the observer is at a distance large compared with the shadow rails. In this 
case the spacing of the shadow rails in the neighborhood of any point may be 
calculated as if the second set appeared as uniform rails wheh viewed in the 
plane of the first set. Let the planes of the two sets of rails make angles 6, 6! 
with the plane passing through their join and the observer’s eye. Leta plane 
through a rail to be considered and the observer’s eye make an angle ¢ with 
this plane. 
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The distance apart of rails in the second set being 2a’ and their apparent 
distance, viewed in the plane of the first set, at this point being 2a", 


1 _ _,8in @ sin?(¢ + 6’) 0 
~ © sin 6! sin?(@ + 0) eh 





If 6’ > 0, as ¢ increases from 0 to 7 — 6’, a" decreases from a’ sin 6’/sin 6 to 
0. Two cases therefore arise according as 


a’ sin 0’ > a sin @. (34) 
< 
In the first case A increases with ¢ and becomes infinite when 
a sin @' sin? (f + @) =a’ sin O sin? (¢ + 6’). (35) 


For greater values of ¢, A continually decreases, as also occurs in the second 
of the two cases indicated by (34). 

Since, by Theorem I, the direction of motioa of the shadow rails relative 
to the larger set is the same as that of the more closely spaced set, and since 
in the neighborhood of the value of ¢ determined by equation (35) A is 
large, it follows that the effect of motion on the part of the observer in any 
direction but that of ¢ will be to cause the shadow rails on opposite sides of 
this critical position to move in opposite directions. 

Further, the rails appear to converge towards or diverge from this spot 
according as the observer’s path makes an angle greater or less than ¢ with 
the plane through his eye and the join of the planes of the two sets of rails. 

If the direction of motion is towards the rails, the shadows will converge 
towards or diverge from the point approached because the relative motion of 
the two sets of rails changes sign at this point. But this motion is slow, be- 
cause of the small relative velocity at this point, while that just considered is 
fast, because of the large magnification. 

Finally, equation (35) may be put into the more convenient form 


cot¢ + coté a’sin @y 2 
coth + cote’ Gra: ; Cy) 
If we put 
ice ge O20 eea mm Mee CORD Cale=TeU EEO. 
we obtain 
el 





ie == 
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The value of x is positive only whenc>1, that is when 0< 45°. A 
short calculation shows that the minimum value of x, and therefore the 
maximum value of ¢, occurs when ¢ lies near 2-2, making @ and ¢ each about 
12°% 

The numerical values have been chosen to represent the case of two 
uniform sets of rails meeting at right angles. Observation confirms these 
results, though this is a case in which the substitution of round or square rails 
for flat ones makes a considerable difference. Owing to the large magnifica- 
tion at the critical angle, any slight deviation of the plane of either set of 
rails from the vertical causes an appreciable curvature in the shadow rails. 


HAVERFORD COLLEGE, 
HAVERFORD, Pa. 


ON A NEW METHOD OF COMPUTING THE ROOTS OF 
BESSEL’S FUNCTIONS 


By Wivuram MarsHALL 


Tue object of this paper is to show the application of a certain method 
to the computation of the roots of Bessel’s functions. This method which 
was employed by me in my Doctor’s Thesis* in the computation of the roots 
of the functions of the elliptic cylinder, and which is generally applicable in 
similar problems is essentially this: The coefficients of certain asymptotic ex- 
pansions which are necessary in the computation, are not found by arithmetic 
processes, but are determined from recurrence formulas which arise when 
certain differential equations are formally satisfied. The results are of course 
not new. The roots of the Bessel’s functions of order zero as determined 
from the semiconvergent expansion were first given by Stokes.f The roots of 
the Bessel’s functions of order x are given by McMahantf and are found in 
Gray and Mathews. § 

The ordinary Bessel’s equation, namely 


PI,(@) , 1 dd, (2) i= *) Jy(x) = 0 
dx Dd ie 


dx? 


(1) 





1 
PD 
can by means of the substitution U = X+J,(x) be reduced to the form 


(2) uae (1 - “—) TO 


dx? x 





A solution of this in the neighborhood of 2 = o is 


(3) U= C\ P cos (a —x) + Q sin (a—2x)}, 





* Diss. Ziirich, 1909, American Journal of Mathematics, vol. 31, no. 4, Oct., 1909. 

+G. G Stokes, Trans. Cambridge Phil. Soc., vol. 9, part I, or Math. and Phys. Papers, 
vol. 2, p. 329. 

t ANNALS OF MarTHematics vol. 9, Jan., 1895. 

§ Treatise on Bessel’s Functions, p. 241. 
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where C’ and u are integration constants* and where P and Q represent the 
following asymptotic series : 


_ (4? — 1) (An? — 9) 














al 
1.2(8@)2 
(4) a (An? — 1) (4n? — 9) (4n? — 25) (An? — 49) 
1.2.3.4 (8x)4 Troe 
ye 4n®—1  (4n® — 1) (4n? — 9) (4n? — 25) 
8x 1.2.3 (82)? Sete 
a 2n+1 : 
If C= = anda = a,and if M and w are determined so that 
ais 
(4’) M cosy = Pand M sin p= Q, 
then from (3) 
(5) U= CM cos (a—x—-wW), 


andias: 0 == 27), (a5), 
J, te)i= V5 M cos (“" # = x — v)s 


and the roots of J,(x) = 0 can be calculated from the relation 





(6) BN py (eS 








M and w have been calculated approximately and with great labor from 
the relations M= VP? + Q', ~ = tan—!(Q/P) respectively. They may be 
obtained much more simply by the aid of equation (2) as follows. 
U = CM cos (a — x — wf) will satisfy (2) whatever values may be given to C 
anda. Let C=1,anda=0. Thena solution of (2) is 


(7) U= M cos (v 4+ 2), 
and M and ware to be determined so that (2) is satisfied. From (7) we obtain 


(8) U' =cos (p + %)M' — M(p' + 1) sin (f+ 2), 





* Gray and Mathews, |. c., p. 37. 
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(9) U"=cos (y+ 2) M" — 2M'sin (fv 4+ x)(W’ + 1) 

— Mecos (~ + 2)(p' + 1)?— Msin (f+ 2)". 
Substituting the values of U’ and U in (2) we obtain 
(10) M" cos (fv + x) — 2M’ sin (+x) (y' + 1) —M cos (W4+ x) (W' +1)? 


— Msin (¥ + x2)" + Moos (f 4+ x) (1 - a *) ==) (Wy, 





Since the coefficients of sin (Ww + x) and cos ( + x) must separately vanish, 
we obtain the two following differential equations for WM and y, namely, 





(11) 2M'(y' +1) + My" =0, 
(12) M"— My +18+MAQ-" 5 *) =a 
Equation (11) integrates readily into 
k 
(13) Wi +1=s5 


where x is the constant of integration, which may be determined from the fact 


Q gO) eels Qe om 

mers —10t Lo a EE ee — 

that wy = tan -P whence Ap = Pie” Therefore 4 = 1 and we have 
Api : L 

ula) Yi + 1 = aa 


Substituting this value of in (12) weé have 4 differential equation for M, 
namely 





1 J 
(15) VET re 3 ua a & *) = 0. 


Now from (4') we see that the first term of 17 must be 1 ; we therefore assume 
as a solution of (15) 
FA eA: 


6 
ae ob Se + 5 oo 6 
ot x6 : 


Ar 


902 


(16) M=1+4 





_where the A’s are undetermitied constants. From (16) we obtain 


32 Ann he4Ay ead.6 As 


(17) M"= xt ar x 2: 28 











ess 
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Also, by the Binomial Theorem, 





where 
As — — 3A, 
in — 4A, a, 3A,, 
2 
(19) dg = Za AG _ 3 Ag, 
ge ee Ey 


or in terms of the A’s alone 
ay = — 3A), 
a= 6A4,—3A,, 
(20) a, =— 1043+ 12.4,A, — 3.A,, 
dg = 15 A} — 30A3A, + 12A4,A, + 6A} - 3.Ag, 


Substituting now in (15) the value of M from (16), M" from (17), and 
1/M? from (18), we have 


dan Ay 0.47 Ay) 7.6 AG 
(21) Ammen eerie gr Pe 








rt Bd) a) ee Ae et 
ac? act a8 sen aees Seely atl 
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Equating to zero the coefficients of like powers of x and making use of the 
relations (19) we have 


4A, SS nr? — ¥, 














4A, = (n?—4—38.2) A, — se 
(22) 4A, = (v7 —}— 5.4) Ay we sess 1 A,a 
. 6 Asag + 8 Aya, + 10 Agae 
4A 2S Vorie? a oh ae i Es oe gy gle . 
g= (nr? —4—7.6) Ag ? 


Formulas (22) then enable us to compute the coeflicients in the expan- 


sion of M=\/P? + @ without serious labor. These formulas are, in terms 
of the A’s, 


—_ 


Ah Ble n2 camera 


ph 


iy = (»* a =) eh ahh 


1 
(23) Wes (n? o =) OA AeA, 
9 > 9 
a Ate (n# = ) 4 Gals Ae 0A, 12 A Ay 6A, 


or in terms of n alone, 


a 


1 
A u An? — 1)(20n? — 53 
i= 5a ( nr? — )-¢ — 53), 


(24) A, = a (4n? — 1) (240nt — 2488n? + 4477), 


1 


vile 919 (An? — 1) (12480n° — 822192nf + 2023460n? — 3066403), 
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or, if we set for shortness 41? = m, 


1 
A, = 5 (m — 1) (5m — 53), 


1 
(25) Ag = jy (mm — 1) (15m? — 622m + 4447), 


oA es as (m — 1) (195 m? — 20137m? + 505865m — 3066403), 


From these coefficients in the expansion of 4, we may readily compute 
those in the development of w= tan—1Q/P. We have from (14) 





a) (Be 
Then w’ is of the form 
Comet Ce 
27 ae We 4 S 280% 
(47) Pua Ere eae 


Integrating, and setting the constant of integration equal to zero, since 
tan ~ = Y/P, we have 


(28) ee = Cs, CO Geo Cs 


pee «oe Seay et ay, 
x on wee Tat 





where the C’s are simply the coefficients in the expansion of 1/M? by the 
Binomial theorem, that is, 


Cs —— ZAG, 
2, = — 3A,C, — 4A, 
(29) 3Cs = — 44,0, — 5A, O, — 6Ag, 


AQ, — SAC, —— 6A,O, oad (AO; ae 8.As, 
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or, in terms of the -A’s, 


C2 ce 2Ay, 
CG, = 3A3 = 2A,, 


Cs — 5 AG —- 12 A?A, 4. 6A,A, — 3.Aj pend Tiss Wes 


These coefficients in the expansion of w are used in the computation of 
the roots of J,(x) in the following manner: an asymptotic value of -J,,(x) is * 


2 One|. aber f 2n+ 1 
9 Dang : a — . 
(31) J,(#) = i [e cos ( yo n) + Qsin ( 7 ) | 


This may be written 


2 2n + 1 
29 : Be Meos oe 
(32) J at = Ne! Meos(—j—  —2—¥), 


which vanishes when 





In +1 3h — 1 
(33) a rr, 
that is, when 
(34) w= 7 (an 1 be HU) jah 


where * is any integer. 


If we put for shortness 5 (2n —14 4k) =8, 


then the values of « for which J,() vanishes are found by solving the 
equation 





(35) = Oe VW, 

or 

; Coa eC, O; 

(36) @=B+— 4+ 4+-54+- 
wv OL Oe 


Equation (36) is best solved by- the method of successive approximations. 
The successive approximations are 





*Gray and Mathews, T'reatise on Bessel’s Functions, p. 40. 
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Cr) Pi, 
CS 
nO ag 
C; ‘ 
a ee 
fila fey ee ‘B | BB 9 
Ca 1 : 
ee Ph Oo ON 6: aa 
Cus en ye eee he Beg Oise 75 
OL ; Ran La 
B fee fe 
GC : C 4 
= a6: : : 
t, = B + B agen sae 3B 
Me 6 12 
ee ar 5s — 5 OSG. + SCLC, a a 


Expressing these coefficients of B—-1, B—*--- in terms of m by means 
of the relations (25) and (30) we have for the Ath root of J, (x), 


m—1 “nly Cm st) 











(38) GP = 995 oan ae) p3 
— (m—1) (838m — 982m + 3779) 
15.20 B® 
(m—1) (6949m*> — 153855m? + 1585743m — 6277237) 
105.2" * Bi aa 
where joy (en + 4k —1), 
and m = 4n?. 


This result agrees with that given by McMahan ;* there is however a 
slight error in the formula as given by Gray and Mathews,f due to the drop- 
ping of a figure in the coefficient of 8~". 


PuRDUE UNIVERSITY. 
OcroBER, 1909. 





* ANNALS OF MATHEMATICS, ser. 2, vol. 9, p. 25. 
+ Loc. cit., p. 241. 


A FUNCTIONAL EQUATION FOR THE SINE 
By Epwarp B. Van VLEck* 


In 1821 Cauchy f proved that the only real continuous solutions of the 
equation 


piety) + o(%—y) =2 o(@) O(y), 


other than the trivial solutions ¢(x) = 0 or 1, are the functions ¢(x) = cos ax 
and ¢(x) =coshax. As analytic functions these two solutions are one and 
the same, but considered as real functions of a real variable they are distinct. 
The object of this note is to give a functional equation satisfied uniquely by 
the cosine, or, what amounts to the same thing, one satisfied uniquely by the 
sine. It appears to me much the simplest functional definition yet given, t and 
the fundamental properties of the solution follow from the equation with very 
great rapidity. The only assumption concerning its character is that it is real 
and continuous. 
To define the sine I use the equation 


() fy Fay fea ryt A) = 27%) TY), 
in which A is a real constant. The following properties immediately result. 
iE yet0uee 1a Oem tnens7 (0 )-==2.0, 


2) Replace y by — y. ‘The left hand member of (/) changes sign, and 
therefore f(y) =f(— y). In other words, f(«) is an odd function. 


3) Exchange x and y. It follows that 
eA FO mt A — fe — y — A). 


Hence the addition of 2.A to the argument changes the sign of the function, 
and therefore 4A is a period of f(#). Without loss of generality we may 
henceforth suppose A to be positive. 





* Presented to the American Mathematical Society (Chicago). 
t+ Analyse Algebrique, p. 114; Oeuvres ser. 2, vol. 3, p. 106. 
t For other functional definitions see Moore, ANNALS OF MATHEMATICS, (1), vol. 9 (1895), 
p. 43; Lunn, Ibid (2), vol. 10 (1908), p. 37; and Osgood, Lehrbuch der Funktionentheorie, vol. 
1, p. 510. 
(161) 
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4) Replace x by «+ A and y by y + A. Equation (I) then gives with 
the aid of 3), 


(1) S(@—y+ A)t+f@t+y+ A) =2f(wt+ A) f(y + A). 
Put now ¢$(u) =f(u+A).. Then 
$(% —y) + P(x + y) = 26(@) o(y). 


Thus / (2% + A) satisfies Cauchy’s functional equation, and by 3) it must be 
the periodic solution of that equation. Selecting this solution, we have from 
Cauchy’s work 


T 


ae 7 : 
JAZ) =,cos TA (* — A) = sin a4" 


The discussion can, however, be carried forward without having recourse 
to Cauchy’s equation. Thus 
5) If we put « = y = A in (7), we have 


J(A) + f(A) = 2f°(A), 


whence f(A) =Oorl. But if f(A) =0, it follows from (Z) by putting 
y = A that f(x) identically vanishes. Putting aside this trivial solution, 
we must take f(A) = 1. 

6) Puty=«+ A. Then from (J), 


J (2x) = Of (a) of (e+ A). 


This equation was used by Moore in his determination of the sine, but 
supplementary conditions of equal importance and restrictive scope were neces- 
sarily added to obtain a definite function. 

7) By placing « = y in both (J) and (1) and adding we obtain 


(2) Daf" (2) +7? (et A). 


8) It may be shown next that /(«) is positive and steadily increases 
when w& increases from 0 to A. 
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For if possible, let us suppose that « vanishes for some value 4 between 
these limits. If then we set y = B in (J), we obtain 


S(@-B+A)=f(x+ B+ A). 


Consequently 2 must be a period of f(x). There must be a smallest B, 

since otherwise the function would have a period as small as we please and, 

being continuous, would therefore be constant. I shall use this smallest B. 
For x = y, equation (J) becomes 


1— f(2x% + A) = 2f?(x). 


Hence | f(2% + A)|< 1 for values of & between 0 and B. It follows then 
by replacing « by 2x in (2) that | (2x) |> 0 for the same range of values of 
x. But this gives a contradiction, inasmuch as f(2x”) by our hypothesis must 
vanish for «= 6/2. Consequently f(x) can not vanish for 0<« = A. 
Since also f(A) = 1, it must be positive. 

Furthermore, if we put « = 0 in (J) and then replace y by x, we have 


ot Gd. + a) =F (A. -- Xv). 


This shows that f(a) is also positive for A < @ < 24. 
To see finally that /(«) steadily increases with « in the interval (0, A), 
replace « byx+A+ Aandy by hin (J). The equation becomes 


(3) S(@+ 2h) —f(@) =2f(x+h+ A) fh). 


For positive 2 < A and for 0 < « + h < A the right hand member is positive, 
and therefore any small positive increment 2/ in the argument results in an 
increase of f(x) as long as & lies in the interval (0, A). 

9) From (3) we get the difference quotient 








‘(@ + 2h) — f(x, Je 
(4) Q(w + 2h, a) = Le + w I(®) ge phy At. 
This shows that ¢ff(h)/h has alimitc forh = 0, f(x) will have a derivative, 
of which the value is of (x + A). 
10) A proof of the existence of a limit for f/(h)/k when h approaches 0 
has been given by Osgood,* and his proof can be based upon the equations 








* Loc. cit., pp. 512-513. 
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already here obtained. Another simple proof, based directly upon a consid- 
eration of the difference quotient, is as follows. 
Putting « = 0 in (4) we see that 


fOh) _ £() 
2h 1 ix 





If then x approaches 0 over any set of positive values 2h, h, h/2, h/4, ---, 
the ratio f(x)/x will steadily increase. 

We shall next prove that it can not increase beyond all limit. Divide 
the interval (0, 2h) into 2” equal parts of length h/2"-1. The difference 
quotient taken for any two consecutive points of division, p — hi Sl and p: 


has by (4) the value 
h 
h WG 


h : 
Q(p.P - sz) = e (p- 5, +4) Bag eae 
on 


Hence since f (x + A) decreases in the s-interval (0, A) we have the 
inequality 


h h 

I () ny G0) 

F(A + 2) —— <Q (a. p= 5) x 
mn an 


Now if (a, 6) is any interval of the x-axis and c is an internal point of divi- 
sion, by a very fundamental but simple theorem * regarding the difference 
quotient, Q(a, >) is intermediate in value between Q(a, c) and Q(c, 6). By 
obvious extension, if the interval is divided into any number of parts by the 
points cy = a, Cy, %, +++, Cy_4, C, = 0, the value of Qa, 6) will lie between 
the greatest and least values of @(c;, ¢;4 1). Consequently 


Ce Ae 
(5) Has 1 eee 


a Qn 





* Cf. Baire, Annali di Matematica, (3) vol. 3 (1899), p. 103. 
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In this inequality let m increase indefinitely. If f(a)/x increases without 
limit when « traverses the values h/2, h/4, h/8,. . . it will follow at 
once that Y(p, 9) is infinite. As this is impossible, we conclude that 
J()/x for this set of values increases to a finite limit c. 

Consider now the dense set, S, consisting of all points of division of the 
interval (0, 24) which are obtained by taking successively n = 1, 2, 3,-.- -- 
Let p be any point of the set. By increasing n indefinitely in (5) we obtain 


(6) cf(2h + A) = Q(p, 9) = aoe Los 


We can contract the interval 2/ as much as we please by replacing / by h/2”. 
It follows then directly from (6) that f(«)/« has the limit ¢ when # approaches 
0 over the set S which is everywhere dense in the interval (0, 2h). 

Now if this is true for a conéinuous f (wv), the conclusion can be extended 
immediately from the dense set S to the interval itself. For if #’ is any point 
of the interval not included in S, a point p of Scan be found so near to «a! 
that 





+e), 


BS Py 
a p 
where ¢ is as small as we wish. Consequently f(2')/x’ has a common limit 
with f(p)/p. Since f(a) is odd, the limit is the same for negative h. 

The essential properties of f(a), including its differentiability, have 
been established, from which its identification with sincw readily follows. 
This can be done in various ways. Thus, for example, if the derivative 


DD) — of (a + A) =e VI- PR) 


is used for this purpose, it follows immediately by integration that 
J (&) = sin cx: 


UNIVERSITY OF WISCONSIN, 
Mapison, WIs. 


PERIODIC DECIMAL FRACTIONS 


By W. H. Jackson 


When at school the writer was shown that vulgar fractions with unit 
numerator and a denominator ending in 9 can be expressed as repeating deci- 
mals according to the simple rule illustrated in the following example. 

Suppose it is required to express 1/39 as a repeating decimal. The last 
figure is 1. To obtain the preceding figures 


1x4 == €4, put down 4, 
4x4 =—L0, put down 6, carry 1, 
6x 4+4+1=25, put down 5, carry 2, 
5x 442 = 22, put down 2, carry 2, 
2 X44 2 = 10; put down 0. 


The result is given below. 


— 


ee (8 1 
55 564 
It is at once clear that the process may be worked in the opposite direc- 
tion. 
LO = 2-24, 
Ap ers opel 15V pre 
25 = 146 <4, 
ice 4x 4, 
4=— 1 x 4. 


Since that time the writer has found no reference to the rule or to the 
following theorem, from which the rule follows as a special case. 


THEOREM. If a be any number prime to 10, and 0, less than 10, be 
chosen so that 


ab = 10m — 1 = 9, mod 10, 
(166) 
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the number which must be repeated to form the decimal equivalent of 1/amay 
be written 


b[1 + 10m +(10m)? +(10m)? + - - - +(10m)s—1] — £108, 


where s is the exponent to which 10 belongs, mod a, and & is a positive 
integer. 
By way of proof it is only necessary to note the identity 


a gee LO ; elas ~m—1 
as = Sea oe +(10m)? +--+ +4+(10m) — 10 sea 








and to multiply through by 5. When this is done the left-hand side is an 
integer and we can therefore write, as is otherwise evident, 


mm? —- | 





— k, some positive integer. 


From this equation it follows that 








1 =) als m m? ‘ ms—1 ee 1 
Cae bes ee eee rela S16 


When, as in the example above, a ends in a nine, we may choose 


(= L m = ave . 

It is easily seen that this formula is equivalent to the ruleas stated. The 
arrival at the end of the process may be recognized by the figures beginning 
to repeat. Evidently when m is less than 10 this will occur after the appli- 
cation of the rule gives 10 asa product. 

The range of numbers for which this method is of practical use is not 
large, as may be seen from the following table giving values of a correspond- 
ing to simple values of m. 
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Mm a ; Mm a 

1 3,9 20 199 

2 19 25 249,83 

3 29 30 299 

4 39,13 40 399,133,57 
5 49,7 50 499 

6 59 60 599 

i 69,23 70 699,233 

8 79 80 799 

9 89 90 899 

10 99,33,11 100 999,333,111 
11 109, 200) 1999 
12 119,17 500 4999 








If m has the values 40 or 400 instead of 4, it is necessary to work with 
two or three figures at a time instead of with one. Thus we find: 


1 5 . 
=; = -00, 25, 06, 26, 56, 64, 16, 04,01 
50g = -0, 6, 04,0 


y . p 
3999 = “000; 2505062585 Lb 8625200 7502 Gee 
In this last case the process may be exhibited as below: 

bea 000 her 4 
1000 = 0 + 250 x 4 
250 = 2 + 062 x 4 
2062 = 24 515 x 4 
2515 = 3 + 628 x 4 
3628 = 0+ 907 x 4 


HAVERFORD CoLLEGnr, Pa. 
Marcu, 1910. 


CONCERNING THE INVARIANT POINTS OF COMMUTATIVE 
COLLINEATIONS. 


By Witwui1am Bensamin FITe. 


1. In his Geometrie der Lage* Reye states that a space collineation 
with just four invariant points is commutative only with the « ® collineations 
that leave these points invariant. 

The homogeneous linear substitution that represents such a collineation 
can have no two of its multipliers equal. Moreover if two collineations are 
commutative, the corresponding substitutions need not be commutative— 
one may transform the other into itself multiplied by a similarity substitution. 
If now in Reye’s theorem we understand by commutative collineations those 
whose corresponding substitutions are commutative, the theorem is a special 
case of a much more general theorem. Without this restriction the theorem 
is not true, as I shall show. 

If any substitution S transforms the substitution A into itself multiplied 
by a similarity substitution not identity, the sums of the multipliers of A and 
of S must be zero.f Reye’s theorem applies then if the sum of the multipli- 
ers of A is not zero. The exception appears only in the case of collineations 
with ‘‘eingeschriebene Tetraederlage”’t, since a nevessary and suflicient con- 
dition for such collineations is that the sum of the multipliers be zero. § 

We suppose then that A has just four invariant points and that the sum 
of its multipliers is zero. It can be transformed to the normal form {[ 


fo, 09 0 O 
0 wa 0 0 

Ac Mae a tl » (@, + @ + 3 + o = 0): 
0 0 0 we 








* Second part, 8rd edition, pp. 90, 91. Cf. Schoenjlies, Encyclopedie der Mathematischen 
Wissenschaften, Band ILI, Heft 3, p. 468. 

+ Fite, Transactions of the American Mathematical Society, vol. 7 (1906), p. 66. 

{ R. Sturm, Die Lehre von den geometrischen Vervandtschaften, vol. ILI, p. 288. 

§ After having proved this for any number of variables I found that the sufficiency of 
the condition for n = 3 had been given by Professor Morley in his lectures at Johns Hopkins 
’ University in 1902-8. The necessity of the condition is obvious. 

{| Cf. Weber, Algebra, vol. 2 (2nd edition), p. 175. 
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= 


If S is a substitution such that S~-14,.S = AT, where 


Oe ade Ky) 

es oe ANY Aw 

- 0.760 : 
ORO 50 


p must be a fourth root of unity. 


es S&S S's 


We shall treat the cases p = — 1 and p = 7 separately.* 
2. p=-—1. We can assume that A is of the form 
WE OLA iE Ay 
0-1 0 
A= 
Wie ki gee Ue 
0 0 O—A 


In order that S~14 8S = AT, where 


1 0 
O1 

T= . 
Oe rb 18) 
OF20 031 


bd 


S must be of the form 


a1 
on Rye 
> 0 ie 
Ag 


The only invariant points of S are (Var, Van, 0, 0), (Vay, = Yao, D0.) 
(O20; Vasa, 443, ) and (0, 0, Vagy ae Vais,); provided that aj. ao, 4 agq ayy. 
If this condition is not satisfied, S has invariant points in addition to these. 
If we denote the points (1, 0,0, 0), (0, 1, 0,0), (0, 0, 1, 0), and (0, 0, 0, he 
by A,, Az, As, and A, respectively, it is clear that the first two of these inva- 
riant points of S lie on the line A, A, and are separated harmonically by 
A,and A,; and that the last two lie on the line A; A, and are separated 
harmonically by A; and Ay. 





* The case P = — 7 is not essentially different from the case P = 7. 
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Conversely, any point (p,, p2, 0, 0), except A,and A,, on A, A, and its 
harmonic conjugate (p;, — p2, 9,0) with respect to these two points, together 
with any point (0, 0, o;, a2) except A; and Ay, on A; A, and its harmonic 
conjugate with respect to these two points are invariant points of collineations 
that are commutative with A. Such collineations are of the form 


0 pi 0 O 
‘s p2 0F 0-50 
Om Os tOma, 
OD 0sro5.0 


If the o’s are multiplied by a common factor » different from unity, the 
given invariant points are not affected, but we get a different collineation for 
S. Hence there is a single infinity of collineations commutative with A that 
have the given points for invariant points. Moreover the invariant points of 
A are not invariant under these collineations. 


It is clear that any point on A, A, or A; A, is transformed by A into its 


harmonic conjugate with respect to A, and A, or A; and Ay, respectively. 
Hence : — 


TueoremM. Let A be any three-dimensional collineation with just four 
invariant points such that the points on two opposite edges of its invariant 
tetraedron are transformed by it into their harmonic conjugates with respect to 
the invariant points lying on these edges. Then there is a single infinity of 
collineations that are commutative with A and that have for invariant points 
any two points except the vertices on these two opposite edges and the harmonic 
conjugates of these points with respect to the corresponding vertices. More- 
over these collineations do not leave invariant the invariant points of A.* 


3. p=. In this case SAS = AT, where 


eH 0 0 
OF Om) 
T= ‘ j 
OPO se7e.0 
Oz. 0 75 Oa. 7 


* It is clear that the collineations A and S of this section can be so chosen that they will 
both put real points into real points and will both have real invariant tetraedra. 
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We can assume that 


aN 
{|| 
So, 


The only invariant points of S are 


191414 A399) Ay4 VA91414 39491044 . 
14s Maras mas naan emis CLs Cs ee oe eg eee ig 
a, a a ae 





491044 A39%91 A414 Vy 44 39021414 . 
(au, = a ’ a »>— aa 5 and 14) — So: = 00 aes ’ ta ’ 





4 
where a= V%4 ays Azo As) 


The first of these points is transformed into the others by A and its powers. 
Moreover we can determine S uniquely in such a way that the first of these 
points is any point not lying in a face of the invariant tetraedron of A, and 
the others are the points into which this point is transformed by A and its 
powers.* 


This form of A is also a special case of the form considered in §2, and 
therefore there are collineations commutative with A with invariant points 
such as are described in that section. 


These results can be formulated in the 


Turormem. Jf A is a collineation with ‘+ eingeschriebene Tetraederlage,” 
of period four, and with just four invariant points, which are taken as the ver- 





* It is clear that A is of period 4. 
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tices of the tetraedron of reference, and tf (pi, pr, P3, ps) ts any point not in a 
Jace of the tetraedron of reference, then 


O28 0520 Ser 

HeLa, i 
Me Pi 

go Pt oO 

P2 

O02. 0 


ws commutative with A and has for its only invariant points the point 
(Pir 2, P3, py) and the points into which this is transformed by A and tts 
powers.* Moreover S is the only collineation that is commutative with A and 
that has these invariant points. The invariant points of A are not invariant 
under WS. 


4, The general results of §§2 and 3 are applicable to collineations in n 
variables f(n 2 2). Letd (1 < d =n) beany divisor of » and consider any 
simplext with x vertices that is contained in a linear space of n — 1 dimen- 
sions. We can select »/d linear bounding spaces of this simplex, each of 
d — 1 dimensions, in such a way that no two of them have a common point. 


wv 


Then there are «4% collineations A of period d that leave invariant the ver- 
tices of this simplex and no other points and that, together with their powers, 
transform any point in any one of these bounding spaces but not in any bound- 
ing space of fewer dimensions into d distinct points. If we select any one 
of these collineations A and a corresponding set of d such points in each of 


ne 


the n/d bounding spaces just referred to, there are «0% * collineations S that 
leave these points invariant and that are commutative with A. Moreover 
none of these collineations leave the invariant points of A invariant. 

This result isa generalization of the theorem given by Stéphanos for§ n = 2. 





* These points are obviously not co-planar. 

+ Iam indebted to Professor Virgil Snyder for the suggestion to apply the general re- 
sults of §§2 and 3 to collineations in m variables. 

¢ Cf. Schoute, Mehrdimensionale Geometrie, vol. 1, p. 9. 

§ Mathematische Annalen, vol. 22 (1883), p. 313, 
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5. The collineations commutative with two given com- 
mutative collineations. [or one of the given collineations we shall 
take a collineation Ain n variables that is of period x and that has just 7 
invariant points. Suchacollineation can be written in the form A: a = o'~ 1x, 
(¢=1, 2,---, m), where @ is a primitive zth root of unity. For the other 
given collineation we can take any collineation that is commutative with A. 
We shall consider first the collineation S: x = p'x;_, ((=1, 2,---, n), 
where the subscripts are to be taken modulo n. Now anecessary and suflicient 
condition that a collineation be commutative with A is that it be of the form 
ci = a%,4; Hence S is commutative with A. 

We consider now any collineation S,: «; = o,vq¢4;, where 0 Sd <n, that 
is commutative with A, and determine under what conditions it is also com- 
mutative with S. Evidently S,S is of the form 2% = ojpa4;%a4i-1, while 
SS, is of the form x = pjo;_\%a4i—1- Hence a necessary and sufficient 
condition that S and S, be commutative is that 


O1Pa+1  FiPati 
Pion PiFi—1 





for all values of 7 from 2 to 2 inclusive. For a= 2, we have * 


P2Pa+1 
Oe 


T2Pa+2 


Moreover 


v 


Oy 'PsPy- > * PiPato 
Pe PatsPati— < Pays 





oj; = 


If in this formula we put =n and equate the resulting value of o, with 
the one just found, we get just n distinct values for o2. But the value of o, 
determines uniquely the values of all the other o’s. Hence there are exactly 
n collineations of the form S, that are commutative with S. But the n col- 
lineations A’S—¢( 7 = 0, 1, +--+, m—1) are all of this form and are all com- 
mutative with S (since A and S are commutative). We conclude therefore 
that the only collineations that are commutative with both A and S 
are those contained in the abelian group of order n® generated by A and S. 





* For convenience we shall put p; and a each equal to unity. This obviously puts no 
restrictions on the collineations § and S.. 
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If S is of the form «; = pv ,;, where d is relatively prime to n, the 
result is the same as in the case just discussed. But if d is not relatively 
prime to n the situation is more complicated. If ¢ is the greatest common 
divisor of n and d, and n = rc, then in order that a collincation S, of the 
form x; = o; x4; be commutative with S it is necessary and suflicient that 


PiSdt+1 Pid +jFG41)d+j 
O)Pe+1 Cid + jPid+e+j 


for all values of ¢ from 0 to x — 1 inclusive and all values of 7 from 1 to c 
inclusive.t Putting 7 = 1, we get 


Ped Paar O68 fDi TS OO (Dep aye 5 
Cae I= * Pid - peti" 9 Pr— hd teeta 


‘ 
sei = 





Fat + ee 5 
For j = 2 we get 


Pe+i1P2°* * Pid+2* * * Prr—1ate 
Peo" = Piast e+e ° > Pir —ijd+ e-+-2 





Ni aT = 


If e is not a multiple of c, these two values of o7 4,1, when equated, give 
a relation connecting the coefficients of S. 

Therefore in this case S is, in general, not commutative with any col- 
lineation of the form S,. 

But if e is a multiple of c(e = sc), we have of ,;=5.4,- This gives r 
values for o74 4, and for each of these values there is a single set of values 
for gig41 (@=1,2,---,r—1). Ina similar way we get 

bP it 
les FjPsc4+-j 
CE Hel) Fah = ——peeree= 
Pj 
and each of the resulting 7 values of o74; (in terms of o; and the coefficients 
of S) determines a single set of values of ojg4;. Moreover, inasmuch as 


PiS%a tit Pjod+; 
aad 9 
Ee Ue | 





the value chosen for og4,; (in terms of o;) is uniquely fixed by the value 
chosen for og4,. Hence there are »°—' collineations of the form S, that 
are conmutative with both A and WS. 








+If d =n and «is a root of the congruence % = 1 (mod vr), then id +) = id+ce+). 
(mod 7), where 7; = i— x (modr). Hence it is unnecessary to give to j values greater than c. 
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If c, is the greatest common divisor of e and and n= gc, the order of S,, 
if it is finite, is obviously a multiple of g. Now S¥ is of the form 
Viet 9 = Pj Miegeg (2 — 1, 2st 30) ly ee ey) eee ier ewok * 
Seti *** Fg—ne+j- But le +7 = qd + 7,-(mod n) for a suitably chosen 2, 
when j; is the least positive residue of 7 with respect to the modulus c. Hence 
O14; = 9; f, and 8; = o/T; where T, and FR, are rational functions of the 
coeflicients of S. For any S, whose order divides mg, o7(j, = 1, 2, + - -, c) 
is fixed. Moreover there are r choices for oa ,,and for each of these 
choices there are mg values for each o;, except o,, which is equal to 
unity. Therefore the number of collineations of the form S, that are ‘com- 
mutative with both A and S and whose orders divide mg is r(mg)°—}. 


CORNELL UNIVERSITY, 
IrHaca, N. Y. 
Marcu, 1910. 


A NEW CONSTRUCTION FOR CYCLOIDS 
By H. ScHaprrer 


In the following lines is shown a new way for generating cycloids, and a 
simple method of constructing such curves. The advantage is looked for in 
the fact that, here, with the points of the curve are given simultaneously the 
respective tangents ; and this is a constructional simplification. The kine- 
matical aspect of the problem is also of interest. 

Beginning with the simplest case,* consider a circle rolling uniformly 
over a straight line, and simultaneously a point P describing a simple har- 
monic motion (abbreviated S//M ) along a diameter ofthe rolling circle. Ifto 
a complete revolution of the circle corresponds a complete period of the SHM, 
and if both motions begin at the same instant, and start from the same point, 
then the equations in rectangular coordinates of the path of Passume the form 


x = r(a — sina cos a), 
y = r(1 — cos’a), 


where use is made of the relation that exists between SH/M and uniform 
circular motion, so that P is found by dropping a perpendicular from the 
contact of the circle with the fixed line to the diameter in which the SH 
takes place. 

These equations may be written in the following way : 


© = 5 (2a — sin 2a) : 


y = 5 (1 — cos 2a). 


~ 


Putting = = 1’, 2a = a’, we finally get 


bo! 


t= (a — sin a)); 


y =7'(1 — cosa’), 








* A proof for the construction in the case of thecommon cycloid was published by the 
author in The American Mathematical Monthly, February, 1909. 
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which is the common parameter form of the equations of the cycloid. We 
thus see that the cycloid may be defined as the path of a point having a SHM 
along the diameter of a uniformly rolling circle. The cycloid thus generated 
is the same as if described by a point on the rim of a rolling circle of 
radius r/2. 


For the tangent we get 





dy sin2a o tee 
= ; = = tan{ = — 
dx 1—cos2a ee @ «) : 


which says that the diameter in which the SHM occurs is always tangent to 
the curve; the points of the curve as well as their corresponding tangents are 
thus found at the same time. This fact is also evident from kinematical con- 
siderations. 

As the next case we consider the rolling of a circle of radius r on a fixed 
circle of radius 72, and at the same time a SHWM along a diameter of the 
movingcircle, the conditions imposed being the same as in the case of the cycloid. 
Denoting by a the angle formed by the line of centers of the circles with its 
original direction, we get for a point P of the resulting path 








R Ihe e= yp 
wv =(R +r) cosa — reos — a cos om ay, 
. R Tee Li 
y = (#4 + 1)sina — rcos — a sin Ta. 


After some reductions these equations simplify to the following: 


peor, 
x = (f + 7’) cosa —7"cos cre OE 





Fah AL Te 





y =(h+7’)sina —r'sin 


where 
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We thus see that the resulting path of a point describing a S//M under 
the stated conditions along the diameter of a circle of radius 7 rolling on 
another circle of radius /? is an epicycloid. The epicycloid thus generated is 





the same as if described by a point on the rim of a circle of radius r/2 rolling 
over one of radius ft. 
For the slope of the tangent we get 
ow == tan 
where @ is the inclination of the diameter considered to Ox, and therefore the 
diameter in which the SH/M takes place is tangent to the epicycloid for every 





R 
se tant 6 
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one of its points, so that we find simultaneously the points and the tangents 
to the curve. 

In a similar manner we get for the case of a circle rolling on the inside 
of another circle, the SHM taking place along a diameter of the rolling circle 
under the same conditions as before, 





R 
v= (fi — r)cos a + r cos — a cos 
r 


Ve teres 





He 
y = (f—r)sin a — rcos > @ sin a, 


and by reducing we get 





ieee 
x = (Rh —r')cos a + r'cos — a, 
; 


, . xy 
y = (Fh —7')sina — r'sin ern 





where 7 17/2: 

These equations express that the resulting path is an hypocycloid — the 
same as if described by a point on the rim of a circle of radius r/2 rolling 
over the inside of one of radius R. 

For the tangent we get 


dy _ 


ae an Se peti. 





and therefore here, too, the diameter in which the SHM occurs is tangent to 
the hypocycloid for every one of its points. 

The construction is similar to that in the case of the epicycloid. 

It is also to be noticed that the points of the curve are here found directly 
as the intersection of the tangent and normal. 

From the foregoing the conclusion seems to be justified that it is interest- 
ing and advantageous to define the cycloids as the resultant of a SHM com- 
bined with that of the rolling of a circle. 


CARNEGIE TECHNICAL SCHOOLS, 
PITTSBURGH, PA. 


METRIC CLASSIFICATION OF CONICS AND QUADRICS 
BY MEANS OF RANK 


By GeEorGE RUTLEDGE 


Ir is well known that, under non-singular linear substitutions, the rank 
of the determinant of a homogeneous quadratic form, in n variables, is an 
absolute invariant. It follows directly from this that the rank of the deter- 
minant of a non-homogeneous quadratic form, in n —1 variables, and the rank 
of the determinant of its homogeneous quadratic part, are absolute invariants 
under substitutions of the type 


v= lia Yi, + liaYo Ag end Y rel, a len (t= 1: 7-4 DOOR SY i DB). 


where the determinant of the homogeneous part of the substitution is non- 
singular. 

Hence, in particular, the rank of the determinant of the equation of a 
conic or quadric, and the rank of the determinant of its homogeneous quad- 
ratic part are absolute invariants under all rigid displacements of the conic 
or quadric. This fact may be made use of to determine the type of a conic 
or quadric by a mere inspection of its equation, without any transformation. 

It is shown in the text-books,* that the equation of a quadric may always 
be reduced, by rigid displacements, to the form, 


Aye, + Aete + Agee + 2hag+ c= 0, 


where either /& or A; is zero, and either / or ¢ is zero. 








*For instance, Fort-Schlomilch, Lehrbuch der analytischen Geometrie, vol. 2, p. 207. 
For a purely analytic treatment of this reduction, cf. Bromwich. Quadratic Forms and 
their Classification by Means of Invariant Factors (Cambridge, England, 1906), p. 72. 
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There are, then, three types of the reduced equation, as follows : 


First type: Reduced equation, yx} + Ayr, + Aswzp t+ o=O0, ¢ #0 


ib ae se. Central Quadric 
I. NisAsiee sone ==n0) Elliptic or Hyperbolic Cylinder 
I; Ape Op Noa Ngtetl Two Parallel Planes 


Second type: Reduced equation, yx] + Ae®2 + Agr3 = O 


Il, Ay: Ag Ag ge 0 Cone 
Il, Meese heii) Two Intersecting Planes 
Il, Nie Ue Apt O Agen) Two Coincident Planes 


Third type: Reduced equation, 4x} + Aw, + 2haz; = 0, k 4 O 
LL Xo ee 0, Ne Paraboloid 
III, eo == 0, he Parabolic Cylinder 


If, in each case, we determine the rank of the determinant 


eo oP th Ow 
re 0 
ok 

0 0 k e 





this rank will be the same as the rank of the corresponding determinant of 
the original unreduced equation, and similarly for the rank of the principal 
first minor in the upper left-hand corner. 


The minors which do not vanish identically are : 























Oe me needs (tb NOLO 0 0 

OBA 0 As & OAs 0) 0 Az.0 0 AO 

TE G Onion OO Re 00 k O OAs; 
ed nO ay Al r, 0 Ra reel A; k 
ORS 0: Ag ON ONe Ok Ome 0k Kxe 
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An examination of the above determinant and minors yields the 
following result, where # = the rank of the determinant of the orginal unre- 
duced equation, and #2, = the rank of its principal first minor in the upper 
left-hand corner : 








RR R, TYPE 

4 3 I, Central Quadric 

4 2 III, Paraboloid 

3 3 II, Cone 

3 2 I, Elliptic or Hyperbolic Cyl. 
3 1 III; Parabolic Cylinder 

2 2 II, Two Intersecting Planes 

2 1 I; Two Parallel Planes 

1 1 II, Two Coincident Planes 

L 0 Equation linear 





The necessary changes in the case of conics will be recognized without 


difficulty. We obtain: 


3 2 I, Ellipse or Hyperbola 

3 1 III, Parabola 

2 2 II, Two Intersecting Lines 
2 1 I, Two Parallel Lines 

1 1 II, Two Coincident Lines 
op 0 Equation linear 





As an example of the foregoing method, consider the quadric* 





* Discussed by the ordinary method in C. Smith, Solid Geometry, p. 63. 
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4a? + y2 + 42% — dyz + 820 — day + Qe — dy + 52 41=0. 


The determinant to be considered is 


4 —2 4 1 
—2 ey 
i) 

4 —2 4 9 








Adding twice the second column to the first and to the third, which does 
not change the rank of either of the determinants with which we are con- 
cerned,t we have, 





=. eee 

ib oy <5 8 

5 

Se. | 
; 3 

Sie Sil 





whence it is evident that the determinant of the original equation is of rank 3, 
and that its principal first minor in the upper left-hand corner is of rank 1. 
The quadric represented is consequently a parabolic cylinder. 


Tur UNIVERSITY OF ILLINOIS, 
APRIL, 1910. 





{ Bocher, Introduction to Higher Alyebra, p. 55. 


A METHOD OF SOLVING LINEAR DIFFERENTIAL EQUATIONS * 
By P, A. LAMBERT 


THE object of this paper is to present a new method of solving ordinary 
linear diffential equations, which may frequently be applied with advantage 
when the coefficients of the equation are polynomials in the independent 
variable. 

Let the given differential equation be 


dy dy dy 
(1) fey y, dx 9 dx?’ ee aie! dx” _ 0. 





The method of solution proposed consists of the following steps : 


(a) Break up the function / into two parts, one of which, /,, equated to 
zero gives a differential equation which may be readily solved, and introduce 
a parameter ¢ as a factor of the second part so that the given equation, 
A+JA2 = 9, is replaced by 


(2) fit th=0. 


(6) Assume that the series 
(3) eA Bt Ofte Di fc. 


where A, B, C, D, .-- are undetermined functions of x, satisfies (2). Sub- 
stitute the expression (3) for y in (2) and determine these functions by 
solving the differential equations formed by equating to zero the coefficients 
of successive powers of ¢ in this identity. 


(c) Substitute the values of A, B, CU, D, ---+in (3), and replace ¢ by 
unity, and see whether 





* Read before the American Mathematical Society, October 30, 1909. 
(185) 
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(4) y= A+ B+ OY Dare 


satisfies equation (1). 

It is to be noted that A is a solution of the equation 7, = 0, and may con- 
sequently be frequently determined by a suitable choice of f, to contain n 
arbitrary constants so leading to the general solution of (1). If this is 
possible it is necessary only to obtain particular solutions of the equations 
for BY CDS 

Since the process above described is purely formal it is evidently neces- 
sary to see whether or not the series (4) actually satisfies (1) if that series 
contains an infinite number of terms, or if any of the functions A, B, C,... 
is given by an infinite series. 

The most advantageous method of breaking up the given equation into 
two parts must be determined by trial. However, if no term is separated 
into two parts, the number of possible methods of choosing f, and f, is never 
greater than 2”, and if n is not large the best method may be selected without 
much difficulty. 

In the process of solving the differential equations which determine 
A, B, CO, D, ---, independent arbitrary constants are introduced until the 
number of arbitrary constants equals the order of the given differential 
equation. 

If the independent arbitrary constants are C,, O,, C3, --- C, the terms 
of the series (4) may be grouped so that (4) takes the form 


(5) Y¥=OC1n+ yet Coyst-->-+ On ynt Y, 


where ¥1, Yo, Y3, ++ + Y, are independent solutions of the corresponding homo- 
geneous differential equation, and Y is a particular integral of (1). 

If another manner of breaking up the given differential equation makes 
series (4) a solution of (1), there may be determined a different set of in- 
dependent integrals and a different particular integral. 

If the general solution (5) of the differential equation contains infinite 
series, the limits of the regions of convergency must be determined by the 
usual methods. . 

This method of solving differential equations is the result of an attempt 
to extend to differential equations the method employed by the author in the 
papers “On the solution of algebraic equations in infinite series.” + 





t Bulletin American Mathematical Society, ser. 2, vol. 14, 1908, pp. 467-477. 
Proceedings American Philosophical Society, vol. 47, 1908, pp. 111-134. 
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The incentive to make this attempt came from the following statement in 
an extract of a letter from Cauchy to Coriolis of January 29, 1837, published 
in the Comptes Rendus of the Paris Academy. 

“Ainsi étendus, ces méthodes s’appliquent avec un succes remarquable a 
presque tous les grands problemes d’analyse, a la résolution générale des 
équations, a lintégration des équations différentielles, 4 la mécanique 
céleste, etc.” 

Cauchy describes the method applied to algebraic equations as follows: 

“Pour résoudre une équation partagez son premier membre en deux poly- 
nomes d’une maniére quelconque, et supposez l'un de ces polynomes multiplié 
par un paramétre que vous reduisez plus tard & lunité.” 

By this method the solutions of Bessel’s equations, of Legendre’s equa- 
tion, and of the differential equation of the hypergeometric series may be ad- 
vantageously determined. 

The method will be examplified by applying it to two differential 
equations. 


Example 1. Solve 


2 


dy 


Tt + ae’y=14un. 





Writing this equation in the form 


dy 
dxt 





(1 + «) + avyt = 0, 


and assuming that 


y= A+ Bt+ Cfl+ D+... 
there results 


BAT By re dD 
dat | + dat |° + ar |" + as 


—(1l4+2)|+avA|} + .a2B an C 








Equating to zero the coefficients of the successive powers of ¢ in this 
identity, we have 
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= 5 = 142, 





B + awvA= 0, 


ae + aveB= 0, 


From this series of differential equations 








_ ae fine 
Ale a ee 
- axt aa? ax an 
Bo ae ere ag iy 3 - Toe ey 
aznx8 azx9 azg10 azgl 
My ej est. 72 
@ sO Sa Re neg 1-2.5-6-9-10 | 9.3:6-740-11” 


The law of formation of the successive coefficients A, B, C, D, 
is evident, and the value of y, when ¢ is made unity, becomes 


(1 at iy a? x8 aryl? 
oy Ra Ae eine +) 











- at arx® ara 

+ cise (1 es i 4.5.8.9 4.5-8.9.12.13 . ) 
oe? (1 a ane 

Es aie Hee ) 
ip (1 Tis A ans 

te 6 [eS 6 70s ee 2); 


This value of y is composed of four infinite series, each convergent 
for all values of x, and is the complete solution of the given differential 
equation. 


Hxample 2. Solve 


d*y dy 
2 a 2 ety 
da ae (x 4+ 23> ) Ae dy — 0 
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Writing this equation in the form 


gly dy 2, 4Y 
4b dat a ee = 8, 


and assuming that 


P= Ae DeL Cl + De + He +... 


’ 


there results 








d2#A OCB ac 
2 2 2 9 AS 

dx? oe da? bt da? sedi 
Aue dA ee dB ; dC 
© de gs Waa. elec. 
Say 6: ies 4B = 4 
aA dB 
2 aed 
ae ey ote dx 





Equating to zero the coefficients of the successive powers of ¢ in this 


identity, we have 














~avAa dA 
a aa, ag 
2 
tee eve < =0, 
etl! dC , AB 
X at et Coe 


The solutions of the first equation for A are A = (t,x? and A = Aya—?, 


(a) Substituting A = /j2? in the next equation, 


2 
ot OF 4 4B + 4K, a = 0. 





A particular solution of this differential equation must be determined. 
The particular solution may be found by multiplying this equation by x 


and by two successive direct integrations. 


190 LAMBERT [July 
The particular solution may also be found by the method of this paper 
as follows: Writing the equation in the form 
Bp LB = 
g Sy eee ei EO 
Cr dx 


and assuming that 


B=B,4+ Bit+ Bl+ Be+t---, 


there results 




















S a B, , UB, _, &Bs 5 ra 
4 Y “dae + Ay dx? t -+ wv daz t a bey hae Bde a 0. 
ae dB, re dB, _ dB; 
dx 48 dx 2 dx 
+ 4x?) — AW ap) 4B, 








Equating to zero the coefficients of the successive powers of ¢ in this 
identity, we have 





iB l 
Fe peabead Na eee Sn eo y see fy 
dx? da 
Ds dB, 
CP ee es —465,=0, 
Ghee da 
a dB. dbs 








i ae SEE 


From this series of differential equations, we find the particular solutions 


da eS ANG Se —fAN38 
B.=- 5 hye, B= — G) Keb (5) re Raa 
Hence 
4 4\ 2 
Pe AICO) me) = = =" me 


Substituting this value of B, 


nh ae 4+ 4 ae 4 Ce se Higa 
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A particular solution of this equation is 


Oe 
erage 
In like manner 
{OB Sek ee ales eur 
(OS rg ST a eal 
— n (n + 1) 2" n+2 
ema ser Ree (ae 4) 


Substituting the values of A, B, C, D, - 


--, and making ¢ unity, 





remo (n il) Le 


which is convergent for all values of x and a solution of the given differ- 
ential equation. 


(6) Substituting 4 = A, «—? 


we have 


(ree Lynd” 
ob (— 1) nae! 


b) 


a? sae a oe —4B—4K,x-) = 0. 


A particular solution of this equation, found by the same methods, js 


Lo 
B —— io 3 Ligne *. 
Substituting this value of Bb 


2 
ge i 1C 45 Ky = 0. 





A particular solution of this equation is 
Y Zu 
C = 3 ies 


It is evident that D=0, H=0O .-.-- are particular solutions of the re- 
maining differential equations of the series. 
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Hence 
ts 4 2 
y= Ky (2? 321+ 5) 


is a solution of the given differential equation. 
The general solution of the given differential equation is the sum of 
these two independent integrals. 
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